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PREFACE. 



This treatise may be considered as a seqiiel to the small Sle- 
mentary Algebra, whose second edition, revised and enlarged, 
has just preceded the present publication. Howerer, it is not so 
connected with the Elementary Algebra that it might not be 
taken alone, for it does not depend on the former in any of itu 
parts, and is coiAplete, as far as is allowed by the nature of a 
book destined for the use of those who desire to be initiated in 
the study of Algebra. 

The reader, even before perusing the present introduction, has 
probably noticed the difference of type, intended to separate those 
subjects which are more accessible to pupils at large from those 
which suppose in the student either quicker parts or already some 
advancement in the study of Algebra. That is to say, the most 
elementary principles adapted even for those who, for the first 
time, open a book of Algebra, cire printed in larger typo: the 
other parts, which enter a little more into the -secrets of the 
science, are printed in smaller characters. 

We beg the reader, however, to observe, first, that the under- 
standing even of the most elementary* principles of Algebra and 
Geometry supposes always a certain degree of aptitude. Of this, 
one who for any time has had experience of the tedious labour of 
teaching, will render, without hesitation, abundant testimony. 
Another observation to be made is, that the separation adopted 
in the present treatise, with distinction of type, does not trace a 
limit to be scrupulously followed, so that the teacher or the stu- 
dent be compelled to go over all that is printed in large characters 
before commencing the rest. But it is left to the discretion of 
the teacher to enter, more or less, into the subject where and 
when he will judge fit to do so. The teacher is fully aware that 
he most unquestionably labour, and must not be satisfied merely 

3 



4 PREFACE. 

with what he is to teach, but he should know much more. He 
should be master of the subject, and be competent to adapt it to 
the capacity of his pupils. 

The Treatise fs divided into two parts, the first of which con- 
tains algebraical operations, with sereral questions and doctrines 
connected with them, so that each section may prove complete in its 
own subject, and the inconvenience of returning elsewhere to 
speak of matter left unfinished before, may be avoided. The 
same method is followed in the second part, of which we will im- 
mediately say a few words. With this method, every thing is 
put in its own place, so that any one who would go over the 
whole uninterruptedly might have the advantage of order, and 
of seeing, at a single glance, all that each subject embraces. Nay, 
the same advantages may be enjoyed by those also who' will be 
able to overcome the first difficulties at a second or third reading. 
This method, we believe, has also the advantage of contracting 
the bulk of the volume, which the same subjects, disorderly scat- 
tered, would render much larger. 

The second part contains the most indispensable theories oi 
equations, proportions, and progressions, logarithms, and some 
few principles on the series. The doctrine of equations has been 
treated more copiously than the others, not so much on account 
of its importance, as because it is well adapted to give an idea of 
algebraic analysis, and thus prepare the mind of the student 
who would afterwards apply himself to higher studies. 

G^OBOnOWN COLLMB, Jul^t 1366. 
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INTRODUCTORY ARTICLE. 

Mathemaiifls: their § 1* MATHEMATICS treat ofquaDtities, name- ' J^ 
^^^^' ly, of all that which can be numerically esti- 

mated or measured. 

Their TRrtova § ^' Hence, Mathematics, in their general 

branches. acceptation, embrace as many branches as there 

are species of quantities taken into consideration, and these 

various branches are also distinguished by appropriate denomi- 

' nations, as Geometry, Hydraulics, Optics, &o. 

§3. Algebra considers quantities in an ab- 

Algebra: itsbbject ^ ^ *i. * • -x 'j • ^'i* 

sfcract manner ; that is, it considers in quantities 
those properties and relations which are common to all the 
various species; and we may add: That which Logic is to 
mental philosophy and mental sciences of every description, 
in some measure Algebra is to the mathematical sciences. 
Oenerftiity of Ai- § 4. Algebraic questions are consequently 

gebralc questions. n ^i 1.1 j ^ 

Algebraic symbols, quite general, as well as the symbols used to 
represent the quantities. These symbols are commonly the 
letters of the Latin and Greek alphabet. 
Algebraic ques- § 5. Algebraic questious and operations are, 

tions connected with - ._ . . ,1 ^ ^ •,! • 1 

arithmetical qu^s- besidcs, strictly connected with numerical or 

Uons. K elation of . , . . ^. .^k 1. 

Aagnitude. arithmetical questions. i>ecause, whenever one 

quantity is compared with another of the same kind, for 

2 13 



14 TREATISE ON ALGEBRA. 

instaDce, weight with weigh t, space with space^ &c., the rela- 
tion is no other than numerical. This relation is a relation of 
magnitude. 

Relation of oppo- § ^- Another relation, we may say of oppo- 
'^*^^^ sition, depends on the different manner of the 

existence of quantities. This opposition is designated by the 
denominations of positive and negative quantities. So, for 
example, two forces acting in the same straight line, but in a 
direction opposite to each other^ if compared^ are respectively 
positive and negative. 

§ 7. When a quantity, for instance, a, is destined 
to represent a positive one, the sign -)- (^plus) is fre- 
quently placed before it. When the quantity is negative, the 
sign — (minus) is always prefixed to the symbol. 

§ 8. When, therefore, in the same question 
we meet with the quantities -^ a- — &, it is 
always understood that a is positive with reference to (, and. 5 
is negative with reference to a. And, vice versa, if two 
quantities are given opposite to each other, and before the 
first we put no sign or the positive sign, the negative sign is 
then to be constantly put before the second. 
How opposite § 9. When quantities of different sienis, sup- 

quantitien are ma- n • i % ... 

tuaUy influenced, poso two, are coUcctively taken, their value is 
then equivalent to a third quantity, which is the difference of 
the absolute value of them, and whose sign is either positive 
or negative according as the greater absolute value of the 
two quantities is that of the positive, or that of the negative. 
For example : two forces, -f B and — h, if applied to the same 
material point and along the same straight line, their effect is 
the result of their simultaneous and collective action. But, if 
we suppose B to impel the point twice as much as h, or, which 
is the same, the absolute value of B to be twice as great as 
that of h, since the forces act in opposition, the effect of h 
will be counteracted by that of B ; and one-half of B (which 
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• 

is equal to h) will produce alone the effect in the poeitivo 
direction of B. That is, the ooliective action of the two forces 
is equal to that of their difference, and this diffbrenoe acts in 
the direction of the greater force. 

§ 10. When a symhol, for example, h, is adopted 

Ooeffleient. , . « . i 

to represent a certain quantity, and it happens 
that in the same investigation another quantity occurs whose 
magnitude is twice, three times, &c. the magnitude of the 
former 6 ; instead of making use of another symbol, or repeating 
the same, we write only once the symbol 6, placing before it a 
figure to show how many times the quantity is taken. This 
number is called coefficient^ which means making together 
with the symbol, the whole of a quantity. If, for instance, 
the quantity B is three times as great . as 6, or G five times 
as great as e, instead of writing B and C, we would write 86 
and 5c. 

When two or more terms differ only in the 
coefficient, they are termed similar. For ex- 
ample, 56, 26, or 3c, 7c, 12c, are similar terms. 

§ 11. Let us remark here also, than when a 
' quantity is to be added to another quantity, 6 
for instance to a, or several quantities are to be added to 
another, this addition is commonly expressed by interposiiig 
between the quantities or terms the positive sign -f-y which, 
for this reason, is termed also a sign of addition. Suppose, ibr 
example, that the quantities 6, c, d are to be added to a, this 
will be indicated by writing, a-^b-^c-^-d. 

Sign of Bubtmo. § ^^' When, on the contrary, a quantity is to 

**®°* be subtracted from another, the quantity from 

which we subtract is first written, then the other, and the 

^ negative sign is placed between them. If, for instance, 6 is to 

he subtracted from a, we will write a*-^b. 

XqvatioQB Bud § l^. Comparing together quantities of the 
inequauties. iukme kind, for example, weights with weights, 
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• 

sar&ceB with surfaces, &c., we will find them either equal ot 
not. Suppose now, for the sake of simplicity, only two such 
quantities, which we will call a, b. If they are equal, then 
we write a = 5, and the sign (=) of equality is read equcd to; 
the terms so compared, considered as forming a single expres- 
sion, are called an equation. If the same terms represent two 
unequal quantities, then a is either greater or less than b ; in 
the former case the inequality is expressed by writing a'^b, 
in the second, a<^b; that is, we place between the terms the 
angle, or sign of inequality, with the vertex towards the less 
of the unequal terms. 

Monomials and §1*' Any algebraical expression whose sym- 
poi/nomiate. y^^^ ^^ jj^^. ggpajated by positive or negative 

signs, or the signs of equality or inequality, is called term or 

monomtaL For example, the symbol b, together with the 

coefficient 5, constitute the monomial 55. When two terms 

are separated by a positive or negative sign, the expression is 

then called binomial; if three such terms are separated in the 

same manner, they form then a trinomial^ &c. ; and in general 

these expressions are c&Wed 2>olynomiah. 

Members of equa- fl^' When two or morc tcrms are separated 
tit.ns. 'ijy ^jjQ gjgjj ^£ equality or inequality, these 

terms constitute the members of the Bquation or inequality. 
For example, in the equation, a-f-ft + c=m — w, the tri- 
nomial a-^b-{-c forms the first member, and the binomial 
m — n the second member of the equation. Likewise, in the 
inequality p-^ q >/ — d, the first binomial is the first mem- 
ber, and the second binomial forms the second member of the 
inequality. 
Gonrtant and § 16. Any algebraical expression whose value 

TRiiable quantities. _ ,, «.»» •• 

functions. depends on the value of a variable quantity, is 

called function of that variable. For instance, the monomial 
6r depends on the value given to x» So, likewise, in the 
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equation, y=ra-^x, supposing a an invariable or canstani 
quantity, and x variable, y necessarily depends on the value of 
T'y bence, y is a function of x. When such quantities as y 
are functions of another, or other quantities, this is expressed 
by the index /, and, instead of writing, for example, y t»v 
a -f- a?, we simply write, /(a), or y =/(x). The index / 
must be varied when different functions occur in the same 
question, and we then make use of F or ^^ or some othe^ -^ 
letter. '"' .. 

When, therefore, a quaniaty a, or several quantities a -f- 5, 
&c., are submitted to any operation, the residt is a function * 4* 
of those quantities, 'because it depends on the same quantities; '^ 

so that, if instead of a or a -f- 5, we should submit to the '^ 
same operations other quantities, for instance, A and A -4- B, **. . 

the result would necessarily be different. But if two or mor^ ^> ^ - 1 
quantities are equal among themselves, and are submitted to ^y. 
the same operations or equally modified, the result must ^ S^ 
necessarily be the same. Hence, if a is equal ^to b and c, &c.| 
and a is submitted to such an operation as to give for result, 
/(a), if we submit b and c to the same operation, with the jy ! . 
equation, a = b = c = . , ,. 

we must have also, 

/(«) =/(6) =/(«) = . • • • 

That is to say, the members of %n equation equally modified 
form another equation. 

This deduction cannot for the present be developed nor 
illustrated by examples, but its frequent application will soon 
supply copious illustrations, 
uodffieation of §17. Quantities are essentially capable of 

quantities; their . j t • x» 3 -j • 

mutual reiauons. increase and diminution ; and considering any 
quantity in an abstract manner, we cannot conceive any other 
modification of it, except that which is performed by addition 
or by subtraction^ or by equivalent operations. Again, 
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quantities may be compared together, either by a simple oi 
complex comparison. This is all that concerns quantities, 
Division of the generally considered; hence, Algebra may bo 
treatiw. conveniently divided into two parts : the first of 

which has for its object operations on quantities ; the second, 
to investigate and discover the properties, connections, and 
dependences of quantities, according to their various com* 
parisons and combinations. 
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FIRST PART. 

ALGEBRAIC OPERATIONS. 



CHAPTER I. 

DEFINITIONS AND OFESATION8 ON UONOMULS. 



Addition and .Subtraction. 

Air(ebraic«od § ■'^- ADDITION. — Numerical or aiith 
djtl™' mm- a<3dition consistfi in finding out a niimber con 
'""^ in itsclfaa many units and fraction»ofanitsi 

are in all the numbers to be added together. For exai 
find out the number 12, ivbieh contains in itself as man 
03 there are in the numbers 2, 4, 6, is to make the 
addition of these numbers, and this sum is expressed ( 
by 2 -)- 4 + 6 — 12. But, with regard to algebraical 
ties ; for instance, a, h, e, . . . . , although the sum is 
sented as in nnmbers, namely^ a-\-b -\-c-\- .. . , ; 
account of the more general signification of the al 
symbols, the operation is not equally simple as for ni; 
The quantities represented by algebraic symbols have, 
a numerical value; nay, this value is tUfcono takt 
account in addition, as irell as in other ^jgebraic ope) 
But quantities may have either a positive or a negative 
BO that a, for example, may be negative with regard to I 
Tbcn the numerical "and relative value of a is to be ez[ 
for instance, by — 3, white the others are expressed, t 

by 4" ^ "i*^ 4" ^ • '" *'■''' ^"™ °'" collection the negative 
i» 
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destroyed hy the positive, and since 5 -f* 4 ^= -f* ^ ""il ^ — 
8 = -f- 6f & qoantity m, whose nomerioftl value is -(- 6, will 
represent the sum of the given qnantities a, b, c, and we will 
have o + J -|- c = m. 

From these remarks we dedoce the following deGnition, and 

two practical rules ; 

Deaoltloii ot The turn of a namber of gvantxtiei ii a mo- 

"9 ^^^ nomial, ichott numerical value t» the exceu of 

» tn^tumerical value of the quantitiet affected by one t^", 

over Oie numerical value of the qaantiliei affected by the 

oppotite *ign, and the tign of which ii the tign of the aame 

Some conseqaences easily derived from this 
definition will make it more clear. First, if all 
ies to be added have either a poutive or a negative 
^^'the sum has, likewise, a positive or negative 
the^t)^erical valne of this sum contains as many 
-actions as there are in all tha numerical values of 
ies, added exactly as fiir numbers. Secondly, if the 
numerical value of the quantities to be added 
amount to the some for those which have a posi- 
tive, and for those which have a negative value, 
'thef-^qpal to zero. A third coosequcnoe needs 
ioint^.^% since, it obviously appears from the 
self^. ■ 

,R0LB 1. — When the qvantiticM to be added are 
merely repretenled by nymbob, we consider them, at 
aitiofiiiffa, and their turn ii expreued by icriling 
n the 4#m« quantttte*, and placing the positioe 
gign bet'iDcen them. 

F^tejMvafti, the sum of the quantities 
... a,b,c,d,.... ft. > 

IS expressed by a+b+c + d+ .. .: ^ 

SutS 2. — Wli^n thfi tign it phvxd bejiire ike quanlitiet to 



OPEBATIDNB ON HONOUUtB. 21 

he added, then the wim m represented by icriling, likewite, the 
tymboli in eueceaion, each with il» own sign} but the sign of 
Ike first is not mrilten unless it he negative. 

For example, the sum of the quantities, 
a, h,e,—g—h—k, 
is espreesed by a-|-6 + c — g — h — k. 

It is evident that a sum will be blwaye equal to a certain 
nnvariuble monomial eipression, whatever be the order ia 
which the terms are written. So, for instance, calling m tbe 
equivalent monomial expression, we mny write 
a-\-l + e — g — h — k = m, 
or a — g -{-b — A-j-c — A^m, &c. 

The proposed esamplea are the most general. In more 
particular cases there occur simplifications or reductions of 
terms, which we will soon see in other examples. 

Snttrine of I ^^' ^° hare alread? remarked, that the sign placed 
■'k"'- before a symbol is not alnaja the Bame eign as that of 

the Damerical valne of the qaimtit; represented b; it; and titliough, 
general!;, the quantity a or -(- <i is considered as havin 
Dutnerical value, and the qnanity — i, a negative num 
it happens, however, in mathematical investigations, thai 
cat valne of a positive qaaatity is sometimes found nega 
etria. Hence, some qneations arise conoeraing the Sik 
given to a quantity, which deaervB to be noticed here. 
■ia onr researches a quite general character, let uS first 
one or more signs by which an algebraical symbol can be 
affected necessarily affect the nnmorical, value itself, ai 
seccndly, an algebraical symbol is frequently a symbol 
or other symbols, sometimes affected by the same, some 
opposite signs. For instance, we may have 
<. = + A 

hence, +« = + (+A), or + a = + (-A) 

-<. = _(+A),or-a = -{-A). ■ 
Produet rf The eipressiona of these two sets an 
^»"- oppo^te, bnt + (+ A) is aqoivalcnt to - 

" ,{+A) must Iw equivalent t« —A; agiun, + (_A) 
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to — A ; hence, — ( — A) muflt be equiyalent to -{-A. Therefore, we 
deriye this general inference : 

A double tign placed before an alffebraical tymbolf is equivalent to the 
positive 9^n, tohen the two are either both positive or both negatwe; it is 
equivalent to the negative sign^ when one of the two is positive and the 
other negative. 

But, suppose A to be a symbol of another algebraical aymbol; for 

example, 4" '^ o' — *t ^^ '^^ h9,ye 

+ 4-A =, + +(+.), 
or + + A=.+4-(-*), 

and, continuing the same process, we see that any number of signs 
may affect an algebraical symbol, but the same signs may be easily 
reduced to a single one. When, for example, b is affected by a num- 
ber of signs, as follows : 

+ +-»; 

make firsts -| 6 =s e, we will hare 

-I 1 6--- -I e; 

make again, csssd, we will have 

H -H 6 = +rf=5J; 

but -| bss — b; hence, Csss — 6, 

and csB-j'^* hence, cs=rf, 

and consequently, dss — b; 

but c/sB-| 1 ft; 

hence, -| 1 6 = — b; 

and in general, when the original number of signs contains an eyen 
numbV*of negative ones, the final sign is always positive ; and when 
the original number of signs contains an odd number of negative, the 
final sign is always negative. In fact, no sign is changed from posi- 
tive into negative* and vice versa, except by the influence of a preceding 
negative sign ; hence, the first negative sign determines a negative 

' sign for the symbol, the second changes it into positive, the third into 
negative, &c. 

The analogy between the mutual influence of signs when applied to 
the same quantity, and the influence of terms affected by different 

^B^ps when multiplied together, has given to the final sign in question 
jSI- name of product of signs, although this result is altogether, 
different from that af multiplication. 

B«mpie.«.d § 20. Let - 26) + m) + 3J) - 3m) +/) 
problems. ^ 2m) bc tems to be added. In thia exa 
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the similar terms, — 2fc, -f- 36, and + m, — 3m, + 2wi may 
be reduced to a less number, because (9) 36 — 25 is evidently 
equal U) -\-h or h^ and m -f- 2m = 8m ; hence, m + 2m -^ 8m 
= ; therefore, the sum of all the terms is given by 6 -!"./> 
that is, — 26 + m + 36 — 3m+/+2mx*s6+/. 

Let the terms given for another addition be 16m) >f- 12c) 
_- 4r) + «) — 12m) — 18c) — 3«) + r) + c) — m) + 7r) 
— 18s). Select first the similar terms, and dispose them as 
follows : 



+ 16m 


+ 12c — 4r + 9 


12m 


'18c + r 3« 


— m 


+ c +7r 18« 



Sum + 8m +4r — -15«. 

And since- the collection of the separtial sums givep the total 
sum, we will have 

16m + 12c — 4r + « -- 12m — 18c -^ 3« + r + c 
— m + 7r — 13« = 3m + 4r — 15«. 
From these examples it is plain, that the addition of simple 
monomials consists in a bare reduction of similar terms, and 
this reduction is performed by taking the sum of their co- 
efBcients when they are affected with the same sign, or by 
taking the difference of the same coefficients when affected 
with opposite signs. Let us now propose some problems to be 
resolved with simple addition of monomials. 

Twelve divisions of soldiers, containing each 

Vint problem, rk u- • ai t_ xi. 

2n soldiers, are in a castle when the enemy com- 
mences the attack ] 2 of these divisions take to flight during 
the assault; 4} divisions perish in the conflict. The assailants 
gain the battle, and their general with 8 divisions, each con- 
taining r men, enters into the fort when it is still occupied by 
the defenders. 

We ask what is the amount x of combatants in the fortress 
after the entrance of the victorious general ? 

This problem^ besides giving another example of addition, 
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gives also occasion to exemplify still more the relative signifi* 
cation of positive and negative terms. The quantity here 
inquired is a number of men ; considering, therefore, as posi- 
tive all that tend to add to this number, we must consider as 
negative all that tend to diminish the same number, being 
evidently quantities opposite to one another. Hence, the 
terms given by the problem, will be as follows : 

Twelve divisions of men, each containing 2n soldiers, give 
the term, + 12 . 2n, or -f 24?i. 

Two divisions of men leaving the fort, give the term 

— 2 . 2n, or — 4n. 

Four and a half divisions lost in the battle, give the terms, 

— 4 . 2n, — n ; that is, — 8», — n. 

The general entering into the castle, gives the term, -|- 1. 
And the eight divisions containing each r soldiers, give 
the term, -|- 8r. Hence, we have for the required amount 

24n — 4n — 8« — 71 + 1 -f 8r ; 
which gives x = lln + 1 + 8r. 

Letters used We may here remark, that x, as well as y and 
quanuties. Zj and somc of the other last letters of the alpha- 
bet, are usually employed to ^present the quantities to be 
found, or generally unknown quantities. 

Numerical ap- But to render the case more determined, sup- 
problem. pose 71 = 50 and 7* = 80, we will have from 

x = ll7i+l + 8r, 

a: = 1191. 
If, instead of w == 60 and r = 80, we take ti = 80 and r = 60, 
then we have x = 1361. 

General cha- -^.nd SO WO could Tcsolve any number of cases 
S^*i^**^quS^ ^y substituting other values for r and n. And 
tions. £j.Qjjj j.|jjg jijg learner may appreciate the general 

character of algebraical questions. 

Four hunters agree to meet together at the verge 
of a river after hunting. The first of them shoots 
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n birds ; the second, twice the same number, and 2r birds 
besides ; the third shoots as many birds as the first and second 
killed together ; the fourth does not shoot any, but seeing the 
good success of his companions^, takes the birds brought by 
the first, and one-half of those brought by the second^ and 
throws them into the river. 

Hoyr many birds remained after this ? and how many birds 
were brought by the hunters ? 

Ans. to the first question : 

Ans. to the second question : 

y = 671 -|- 4r. 
Suppose n = 10, r = 9, then 

05 = 67, y == 96. 
Suppose n = 9, r = 10, then 

X = 66, ^ = 94, &c. 
§21. Subtraction. — To subtract a quantity h 
from another quantity a, means, to find the difference 
between the two quaatities; and this difference, which we 
will call d, is such, that if added to the quantity b, the 
sum will be a. Hence, we may briefly give the following 
definition : 

To subtract b from a, means to find out a 
quantity d, which added to b gives a. Namely, 

d-{-b = a. 
Now let us add the term — ft to both members of this equa- 
tion, we will have d-^-b — b = a — 5, that is 

d = a — b. 
Suppose, again, b equal first to -\-</, and secondly to — g; 
we will have, in the two cases, 

-6=-(+<7) 

But in the second case, the value of b is oppo- 
site to that of the sante b in the first case, con- 
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Beqnentlj, since — (-|- ^) = — (</), or since in the first caso 

— b = — g, in the second we will have — b = -\-g ; that is, 

— ( — g)=-{-g, which exactly coiresponds to the doctrine 
of signs (19); hence^ with b = -{'g, we have 

d = a — h = a — g) 

and with 6 = — g, we have 

d = a — h = a -\- g. 

In the first case we ohtain the difference d, hy adding to a a 
quantity opposite to -\-g; in the second case the required 
difference is obtained by adding to a a quantity opposite to 
— g'f hence, follows this general rule : 

RuJe for rob- ^^ quantity h is subtracted from a, by adding 
traction. to a a quantity opposite to b. 

General «t- Thus, for example, — ^ is subtracted from K^ 
•mpies. |jy simply writing 

and m is subtracted from n by writing 

n — wi. 

These are the most general examples of algebraical sub- 
traction of monomials. We will soon propose other examples 
and problems, in which the difference can be expressed by a 
single term. 

Criterion of 2 ^^* ^^ ^'^ ^^^ observe, that when the difference 
magnitude. n — m is positive, then n is said to be greater than m ; 
when the same difference is negative, then n is said to be less than flk 
The difference, therefore, between two quantities, is the criterion of 
their relative magnitude ; and since by substituting for n any positii^ 
number or numerical value, and for m any negative number or 

Any podltiTe numerical value, the difference is certainly always post- 
er* tlum Slw- *^^®» ^ ^* follows that any positive number or quantity 
gative. ' relatively considered is greater than all negative ones. 

Again, substituting for n and m negative numerical values, but the 
absolute value of n less than the absolute value of m, the difference 
is, likewise, always positiye; therefore, the greater of two negative 
quantities or numbers, relatively considered to a certain term, is that 
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M ^,. which has a less numerical Taloe. We may illustrate 

Twofold accep- ^ 

tation of uum- the same doctrine as follows : observing first, that num- 
bers are either considered as terms of comparison, or as 
symbols by which one or more existing objects may be designated. 
When we consider numbers under this last point of Tiew, the only 
cipher zero, which excludes all numerical signification, is and signifies 
nothing. When we consider numbers as terms of comparison, zero is 
a term to which we may refer all the others as to any number. So 
it is evident that to say three units above zero, or two units below five, 
conveys the same conception of the number three. Kay, the term 
The term xero zero is the central term between the ascending series of 
term* S cra^ positive, and the descending series of negative num- 
pariflon. bers. This being admitted, we observe, moreover, that 

with regard to positive numbers, all agree that the greater among them 
is that which is farther from zero, the term below all positive num« 
bers; but zero is in an equal manner above all negative numbers, and 
the more above, the more they increase in absolute value ; referring, 
therefore, to the same term, zero, negative numbers, we infer that 
among negative numbers relatively considered those are less that have 
a greater numerical value. 

Examples and § 23. Ffom 55 Subtract 46 ; 
piobiema. ^^ ^jn ^^^^^ ^{^^ difference 

56 — 45 = 6. 
From 46 subtract 56 ; 
we will obtain 46 ■^- 56 = — 6. 

From 56 subtract — 46 ; 
we will have 56 -|- 46 = 96. 

From — 56 subtract — 46 j 
we will have — 56 4- 46 = — 6. 

From — 4^ subtract — 56; 
we will have — 46 -[- 56 = 6. 

Ten men pnll, with a rope, a heavy stone in a 

straight line from A towards B, and with a force 

lOn. Seven more men pull the same stone in an opposite 

'direction, namely, from B towards A, with a force 7n. What 

ia the difference x of the action of these two forces ? 
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Ans. It is plain that, considering the action wbich moves 
the weight towards B as, positive, the opposite action must be 
negative. Hence, the two terms in question are + 10» — 7o». 
Now the second is to be subtracted from the first^ therefore^ 

X = lOn -f 7n = 17n. 

Numericaiap- Suppose n = 10 pounds, we will have 
pUcatlon.. a; = 170..i>. 

Suppose 7t = 15 pounds, we will have 

X = 265 , , .p. 

Four workmen cut each n pieces of timber, and 

Problem 2. . , , , 

three boys cut each r pieces. What is the differ- 
ence between the two numbers ? 

Ans. x = 4?i — 3r. 

Numerical ap. Suppose n = 50,. r = BO, then 

pUcations. ^ _ ^10. 

Suppose n = 90, r = 40, then 

X = 240. 

Let us observe, that when we merely intend to take the 
difference between two numbers affected bj the same sign^ we 
only attend to the numerical value. 



ARTICLE II. 
MtdtrpUcatton and Division. 



In what mm- §24. MULTIPLICATION.— To multiply a mo- 
S?ST"noiSSl nomial a by another monomial 5, means to find a 
*^*"'** quantity jp, whose numerical value is equal to the 

product of the numerical values of -a and b. The monomial a 
is termed midtiplicand, h multiplier, and both, factors. The 
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Tarionsman- q^&i^titj ^ is termed producty and this product 
intingtbeJJSi is represented by the factors in any of the foUow- 

and each one of tbese expressions is read a multiplied by 5, or 
simply ab. 

Definition of { 25. The definition and description of numerical mul- 
tiplication, tiplication is frequently giyen as follows : Multiplica- 
tion is the addition of the multiplicand repeated as many times as 
there are units in the multiplier. This definition (when we merely 
consider the absolute yalue of the product) is correct so far as the 
multiplier is a whole number ; but when it becomes a fractional one, 
that is, when the multiplier is a fraction of unity or eyen contains 
some units, but a fraction of unity besides, the giyen definition can- 
not then be rigorously applied. A definition which comprehends the 
object in its full extension, supposing, namely, the multiplicand A and 
the multiplier B to be any two numbers, is the following : To multiply 
A by B, is to derive from A through addition a number in the same man- 
ner as, through the addition of the tame element, the number B is derived 
from positive unity. That is, the operation to which positiye unity 
must be submitted in order to giye through addition the number B, is 
the same operation to which A must be submitted to obtain the pro- 
duct of the numbers A and B. Now, B represents a rational number, 
(either whole or fractional,) or an irrational one. Let us examine 
each of these cases, and we will haye a complete explanation of the last 
definition. 

Oue of the Suppose, first, B a whole and positiye number. The 
Whlde number *^P^® addition of unity repeated as many times as there 
and poaitiTe. are units in B, is the operation to be ma^e about unity 
to deriye from it B through addition. The multiplication, there- 
fore, of A by B, consists in this case in making the addition of A 
taken as many times as there are units in B, which accords exactly 
with the first definition^ From this we deriye a consequence concern- 
ing the sign which affects the product ; a consequence applicable also 
to the cases to be considered hereafter. 

Oonaeqoenee Since positiye unity, taken as it is, forms by repeated 
^Tthf pJ5j addition the positive multiplier B, so A, taken as it is 
dnet, given, and repeatedly added to itself^ gives the product 

3* 
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of A by B. Hence it follows, that when A also is positiye, the pro- 
duct is positive. But when the multiplier A is given negative, and B 
is still positive, then the product, being a sum of negative terms, is 
necessarily negative. Suppose now, B a whole negative number, then 
B cannot be immediately obtained from positive unity, but we must 

The multiplier ^^^ change its sign. But according to the definition, 
negative. ^q obtain the product of A by B, we ought to operate 

about A as about positive, unity to obtain B, So in the case of B 
negative, the sign of the multiplicand A is to be changed ; then observ- 
ing how many units are in B, add A to itself, as in the preceding 
case, but with the sign changed, which, consequently, is the sign of 
the product. Therefo»e, when B is negative, and A also negative, the 
product is positive ; when. B is negative but A positive, the product 
then is negative. Hence, the known rule, like signs give a' positive 
product ; unlike i^igns, negative. 

Case of the When B is a fractional number, having, for example, n 
tional. for its numerator, and m for denominator, in -this case, 

to obtain B from unity, wo must take, first, one m^ part of unity and 
add it n times to itself, because in this^way only, through the addi- 
tion of the same element, we can derive B from unity. Operating now 

upon A in like manner, we will have first - , which represents the 

m*^ part of A ; jtaking then n times this element, which is expressed by 

A A 

plftsing ihe coefficint. n before -, we will have the product n-, corres- 

pondine to the factors A, - . 
■^ m 

Case of the In one of the following paragraphs we will dwell on 
irratioDal fko- , t^ tr e> r 

tors. irrational numbers. For the present it is enough to 

observe that they cannot be expressed like rational numbers, altkoogU 

we may conceive a series of rationals, continually and indefinitely 

approaching to any irrational. Hence, whenever an irrational number 

is to be used for any purpose, we must necessarily make use of a 

rational near it. Therefore, in the case of irrational numbers, the 

multiplication will bo performed with rational numbers, and, oonse- 

quontly, the foregoing remarks are applicable to this case also. 

Arithmetical § :26. Considering the numerical value and 

rulcR applicable , . . . . , . , , 

to quantities. Sign Of quantities^'' it IS plain that the samie 
arithmetical rules are to he followed with regard to quantities 
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• 

for that which concerns the form and sign of the prodacfc. 
The rale of signs maybe derived indeed from -the defihition. 
But since all agree in admitting that -|- a, multiplied by -\- by 
gives a positive product^ we may infer the same rule as fol- 
lows : 

Mutual infiu- '^^^ factors are mutually influenced ia efeottii'^ 
«Dce of factors, j^^, product, and this influence is twofold : the one 

numerical, or of magnitude ; the other of sign. Suppose, now, 
the numerical Value of the factors -[- a, -|- ^ *o remain un- 
varied, and change the sign of either of them ;: this change ' 
must necessarily affect the prodjftet ^p^ and- this '>t;annot bo 
done except by the change of the sign of the same- product, 
and 80 admitting 

we must admit, also, the two following e'quations : 

+ a X — ^ = — -i> ; 

— a X + b = —p. 

Take again either of these two equations, for instance, the 
last, and change the sign of h] this will again produce an 
equivalent change in the product, and we will have 

— aX— ^=+i>. 

Treating of the multiplication of polynomials, we will come 

to the same consequence by another prooesa; meanwhile we 
may infer the -general rule. 

The sign of the product is positive tchen both 

Bule of signs. - a. t • . t i 

/actors are affected ivifnthe same sign: %l is nega- 
tive when the /actors are affected with opposite signs. 

In the practical application of this rule we usually say, 
plus by plus, or minus by minus,. give plus; plus by minus, 
or minus by plus, give minus. 

Various forms § ^7. Thus far WO have considered the factors 
Jj[i***VaT^*of • ^^ *^®^^ ™o**' general acceptation, and only two. 
qosntities. g^j. ^y^g numerical value, which is the one taken 

into account, specifies in some measure the quantities, because 
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this value is either whole or fractioDal ; hence, four cases can 
take place with regard to the factors a and 6. We may first 
suppose the numerical values of both of them to be whole 
numbers; secondly, both fractional; thirdly, the numerical 
value of the multiplicand a whole number, and that of the 
multiplier fractional, and we may finally suppose the multi- 
plier a whole number, and the multiplicand fractional. 

The student being familiar with the numerical operations, it 
is not necessary here to dwell upon them : it will be profitable^ 
however, to place before his eyes the general formulas of those 
which concern our present question, leaving, if necessary, to 
the teacher the care of making numerical substitutions. 
General for- Supposc wi, n. k, h to represent whole num- 

mulas of nu- ^^ A 

pSicatioa."'*^'*^ bcrs, and — , -, fractional ones. With them we may 

represent the above-mentioned cases ; and calling p the pro- 
duct of m by w, we will have 

n \ n .h . h n K , n 

and rr 



(/) 



m k m.k km k, m 

h m .h ^ h h ,m 

m . - = — = — ana ■=• . m 



k k k k 

n I n .h . - n h , n 

— . a =^ and a . — = -. 

^m m m m 

From these formulas we will soon derive a general and use- 
ful consequence. 

Uowtbearith- i ^^' ^®* ^* observe, meanwhile, that the arithmetical 

meticai rules of rules expressed by the (/) cannot be arbitrary, and if 

follow from the right, they must necessarily follow from th«' definition of 

° ^^* multiplication. Examining (25) the case of a fractional 

multiplier, we have touched this subject, which we will develop here. 

And, first, suppose r to be the multiplicand, and — the multiplier, 

K n 

which indicates that the n^ part of unity has bben-j^ken m times. 

A tn 

Hence, to obtain the product of - by — , according to the»*.definition 
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A 
(25), the n^ part of - is first to be determined, and the same is then 

to be taken m times. Now, the n*^ part of - is - — . Suppose, in 

Mechanical arti- fact, a straight line divided into h equal parts, these 
flee, showing the A 

^cUon ^^ **' * parts may represent the A of the fraction - ; suppose, 
besides, each one of these parts to be subdivided into n equal 
parts, (which is the same as dividing unity into n. k parts,) the A 
part of our line will then become A . n, but each one of these is 
equal to the (k.n)^ part of unity; therefore, the h.n parts of the 

A fi 

line will represent the fraction 7— » but the same line represents 

A h h 01 

also the fraction -; therefore, - ss j-^. Compare now together, the 

h Am 

fractions - — and —^ ; the first is n times less than the second, but the 
fc.n k.n 

second is equal to - ; therefore, ~ — id n times less than 7, or which is 

k k»n k 

the same, r — is the n* part of -. To complete now the multiplica- 

K • 7i iC 

A «n 

tion of r by — , the vl^ part of the first fraction is to be taken m times, 

which is evidently obtained by multiplying by m the numerator A of the 

fraction •; — . Hence, 7 . — = t-, exactly as the rule prescribes ; the 
A.n k n kn 

product of one fraction multiplied by another is equal to another frac- 
tion whose numerator is the product of the numerators of the factors, 
and the denominator is the product of the denominators of the same 
factors. 

Let us now come to the cases of the multiplicand whole number, 
and of the multiplier fractional, and vfc« versa. In the first of these 

two cases, reasoning as above, we will have m . 7 ^ —=— ; and in the 

k k 

second, it is plain that — . A == -^. That is, the product of a whole 

m m 

number by a fraction, and vice versa, is obtained by multiplying the 
numerator of the fraction by the other factor. 

TheiBuitipii- § 29. The product p of the first formula (/) 

cand may be* 

come muiti- is ffiveii bv m units, repeated n times. But to 

pller, and wee ... 

venoL, without add 971 uuits u times, is the same as to add n units 

affecting the 

product m times. We caa see it by making use of a 
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mechanical artifice. Range on a horizontal line a row of m 
Gate of the dots. and from each dot draw a vertical line: 
Bumberi. range again on each one of these verticals n dotSy 
commencing with that already marked on the horizontal line. 
In this manner we have m dots repeated n times, and conse* 
quentlj the whole number of dots is the product of m by n« 
Bat since, on each vertical line there are n dots, and these 
lines are m in number, we have also n dots repeated m 
times; that is, the product of n by m given by the same num- 
ber of dots ; hence, we may always write 

tn ,11 = n , nh* 

other casM. Therefore we may write also n . A = A . n, and 
m,h^=zh.m, and consequently — '—=■ ■= y-^ — , but from the 

second of (/), we h*ye ,^=--;fc,and^-^ =4- -) 

.1 * n h h n 

therefore, — . - = 7 . — . 

m k k m 

Reasoning in the same manner, we deduce from the remain^ 

ing formulas (/) that 

A h 

k k 

General inft- Whatever be, therefore, the numerical value of 
i>raicai jhctors. the algebraical terms a and 6, we generally infer 
that a ,h =:zh, a. 

The product § ^^* ^^ ^xxiQ inference may be applied to 
5 terai°?(rtoe *°y ntt™l>er of algebraical terms a, b, c, d, e , . . 
Se"hewJiOT7Q Observe first, that if any number of quantities, 
t^^m^ ^ having all a whole num.erical value, bring the same 
^'^^^ product whatever be the order in which they are 

taken ; any number of algebraical quantities will bring the 
same product also when their numerical values are fractional or 
partly fractional, and partly whole numbers, whatever be the 
order in which they are taken, since the operation is always 
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performed upon the whole numbers of numerators and denomi- 
nators. It is enough^ therefore^ to demonstrate here, that • 
whatsoever be the order in which whole numbers, or quantities 
having whole numerical values^ are taken, their product will be 
always the same. Let three such quantities be a, 
h, c. To multiply a by h, is to take a as many 
times as there are units in the numerical value of b; that is^ 
a-^a-^a-\- a -{- . Again, to multiply this product by c is 
to add the whole series of terms a -{- a -^■- a -{- a repeated as 
many times as there are units in c. Now, b terms repeated c 
times give a number of them equal to the product by^c. 
To multiply, therefore, the product a . & by c, or a by the 
product b,c, gives the same result; hence, generallyi 

a.6 X c = « X ^-c; 
and since a.b = b,a, 5. c=c. 6, so we will have also, 

fc.aX<5 = aX€.6 = a.cX^> 
and, in like manner, 

a.ey^b = c,ay^bz=ey,a.bf 
and so on. So that we may evidently infer that three factors 
multiplied in any order whatsoever, give constantly the- same 
product. 

Add now another factor, and make 

Four fteton. i i -n 

a.o.c,a = r. 

The first three may be changed at pleasure, and the factor > 
d will always multiply the same quantity ; but calling p the 
partial product of the first two factors, the same product P can 
be represented also hj p,c,df or hj p. d.c, that is, resolving 
again p into its factors, 

ii.b,d,c = P. 

But again, whatever be the order in which a, b, d are taken, 
their product will remain unvaried; the factor d, therefore, 
which was the last, can become the third, the second, and the . 
first, while tae other three factors may be arranged firom the 
beginning in any manner whatsoever; but this evidently em- 
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braces all the possible cases of combinations of <^e fonr fac- 
tors ; therefore, the product P made by four factors will be 
always the same, whatever might be the order in which the 
factors are taken/ We may reason in the same manner when 
the factors become five, because the first four may be changed 
at pleasure ; considering then the first three as a single term, 
the place of the fourth may be changed with that of the fifth, 
which, together with the three proceeding, will always give the 
-|- • • • same product, whatever be the manner in which it is 
combined with the others; the same consequence, therefore, 
can be inferred with regard to five as with regard to four 
factors, and the same with regard to six, with regard to seven, 
and generally with regard to any number n of factors, 
si^ntobegiven § 31. It remains now for us to see what is the 
Bererai fitctors. sign to be givcu to the product, when several 
terms are multiplied. The factors are either all positive or all 
negative, or partly positive and partly negative ; in the first 
case the product is evidently positive; in the 
second it is positive likewise, if the number of 
terms is even, because the first factor with the second make a 
positive product, which the third changes into another negative, 
and this, with the fourth factor, makes again another product 
positive ; and so on. If the negative factors are three, their 
product is negative; if four, positive; if five, negative; and 
hence, generally, when all the factors are negative, their pro- 
duct is positive, when their number is even ; their product is 
negative, when their number is odd. The same is to be said 
when only a portion of the factors is negative ; that is, when 
the nuu)ber of these factors is even, the total product is posi- 
tive ; when the number of negative factors is odd, the total 
product is negative. In fact, the first negative ^tbr afler 
some positive factors makes tl^e whole product negative, and if 
other positive factojrs occur, the successive products will remain 
still negative; but when another negative factor occurs, then 
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the prod ucif becomes posidve, and sach will remain until the 
third negative factor comes; and therefore, the following 
rule will determine the sign to be given to the total product 
in all cases : 

The sign is negative whenever the number of 
negative /actors is odd; otherwise, it is always 
positive. * 

Product of the § ^^- When different factors are given, it may 
nme fcctors. qccuj. that somc of the factors are repeated : in this 
case, instead of writing, for example, a.a.a^ we write a' ; we 
wsite, namely, a only once, and above it the number of times 
the same quantity is taken as a factor, and this number is 
called exponent Of such exponential quantities, 
and of their reduction, we will speak more fully in 
its proper place in the next article ; however, we cannot oqfll' 
here adding a few remarks concerning this subject, inasmucn 
as it is connected with simple multiplication. And first, if 
two or more exponential quantities, for example, i* and 6* are 
to be multiplied together, their product will be represented 
either by ft* . ft*, or by 6" ; since the signification of these ex- 
pressions is the same, that is, the sum 9 of the partial expo- 
nents 5, 4, signifies that h is taken as a factor nine times in 
both cases. Therefore, in cases similar to this, it is #bough 
to write once the quantity, and give to it for exponent the suai ^ 
of the partial exponents. Vice versa, since the number 9 
is equal to the sum of 5 and 4, or 6 and 3, &c. We may^ 
for the same reason, write h^=^b^,b*=b^.l^= . . . . ; and 
this also can be evidently applied to all similar cases. 

Observe also, that, since the order in which the factors are 
taken does not change the product, (30,) the products a,a,b.b 
and a,b.a,b are equal to one another. Now, a.a,b.b = 
a*b*, and ab.ab = (ab^', therefore, a«6» = (afc)', and for the 
same reason, if any numlcer of factors having the same ex- 
ponent are to be multiplied together, we may write once the 

4 
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product of the simple quantities, and apply to tbb prodoot 
the common exponent; for instance, the product a^.&'^.c* ii 
equiTalent to (a.ft.c)*. 

Examples. 

p^SSS*'*™* § 33. Given factors. Product. 

(1.) 3a, m.fiy — Iff, — r -|- ^ogm^n. 

(2.) 16m, — 12», — \b, Jc, 

— 9^/i i^f i^ — mnbcgd/kk, 

(3.) 4aby -^2hd*,^mad, c^.. + S(abcd)»m,c^. 
(4.) 7ahc, — Sabcd^f 

\ahcd^y — lahcde/*, ... — ^i(o^)cde/y, 
.^.) ahcdty — ahcdy 

-f- ahcy — aft, + a ... . -f" a*ft*c*<^«« 
d^6.) a% — ftc», 4- cd'y — ^/*. . + (a6)». (cd)*.(gfy. 

— 4ac? + T3®^ + (abcdy.(ahcy. (ai>).cu 

(8.) 4a», — 5a«fc, —8aft», 2fi». . + 320(a.6)». 

(9.) a% — a¥j -^Cj—dy 

-\-cdy — ahcdy '\-dc, . , — {abcd^ 
(10.) 4am, — 16&C, + Jm", 

— m»+ i^vf} — ^^ • • — m*,l^.(^,a.n.r./,d, 

A general, in order to exercise his soldiers, ranges 
-•^ them on a field before the castle, and divides the 
whole army in two sections fronting each other, the one under 
the walls of the castle, the other opposite to it. During the 
exercise the general rides up and down between the opposite 
ranks, and when the exercise commences he rides, having the 
castle at his right hand, and he goes n times up in this man- 
ner, and returns n times to his former station. Each time the 
general rides from his first position to the second, g ranks of v 
men pass from the left to the ri^ht hand of the general^ and r 
ranks, each containing p men, pass from the right to the left 
hand. When the general returns to bis former station, each 



.«r 
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time / rainka of s men pass from his left to his right hand, 

and q ranks of t men pass from his right to his left 

We ask, first, how many ranks, and how many men go 

towards the castle : again, how many ranks and men niarch 

over to the other divisions from the castle dming the n times 

that the general goes from his first station to the opposite side 

of the field ? 

Ans. Ranks... n.^ ) . ^ -. 

.^ y passinff on the castle side. 

Men n.g,v ) *^ ® 

Ranks.* •n.'T ) . i» .1 ^1 

I Roms from the castle. 
Men n.r.p j ° ° 

2d. How many ranks and men go to and from the castle 

the n times the general returns to his former station f 

Ans. Ranks... n. 9 ) . ^ .r .« 
-, ' > going to the castle. 

Men n.q.t) " ^ 

S^"^'-*^-^,} going from the castle. 
Men n,/$ j ® ® 

Sd. How many ranks and men go towards the castle, and 

how many go from the castle daring the whole military 

exercise ? 

* Ranks«..n^-]-7»9 ) • ^ av ai 
^ ' >- going to the castle. 

Men....n^t;-f' n^) 
Ranks...nr + ti/ ) . -_ ,1, ., 
meu.,.»nrp -f^n/s ) 
4tlL What is the difference hetween the number of the 
tanks and men passing to the castle side, %nd that of the 
ranks and men passing to the opposite side ? 
Ans. Ranks. . . (ng + nq) — (nr -|- nf). 

Men... (ngo -|- nqf) — (nrp -f- «/»). 
Or, if (ng — nq) and (fufv -f- nqi) are the less numbers, 
Ranks... (nr + «/) — i^ + «ff)- 

Men (nrp -f- n/$) — (nffv 4- nqt)* 

Obsenre that, if we oonsider the passing from the 
left to the right hand of the general as podtive, we 



Ans. 
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must consider as negative the passing from the right to the 
lefb. But referring the movement of the ranks to the castle, 
then when the going towards it is considered as positive^ the 
going from the castle must he considered as negative. Again, 
considering as positive the going of the general from his for- 
mer station to the opposite end of the field, we ought to con- 
sider as negative his returning to the same station. Taking 
now the movements of the army first with reference to the 
castle, and then with regard to the general, and fi>Uowing the 
rules of signs, we will find in hoth cases the same resolution of 
the problem. 

A steamboat travels at the rate of n miles per 
hour. How many miles does the steamboat ran over 
in m days, travelling 16 hours a day t 
Ans. x= IQn.m, 

Suppose n = 15, m = 12, then 

X = 2880. 
Suppose n = 10, m = 20, 

X = 3200, &o. 

§ 34. Division. — ^To divide a quantity a by 
another quantity 6, means to find out such a quantity 
q, which, if multiplied by 6, ought to give a for product ; a 
is called dividend; b, divisor, and y, quotient From the 
given definition it follows, that when the dividend is given, this 
is considered as the product of two factors, one of which is 
the divisor, and the object of the division is to find out the 
other factor. 
Aixebraicai The Operation of division is designated as follows : 

expremiionB of ^ 

**^-- |,ora:6, 

and each of these expressions is read a divided by a. 

The rule of siirns for division must necessarily 

Bole of signs. - , ' ^ 

be the same as that for multiplication. Suppose, 
in fact, first a and h both positive, since the quotient q multi« 
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plied by a positive quantity must give a positive prodnoty q 
also, in this case^ cannot be but positive, that is. 

Suppose both dividend and divisor affected bj a negative 
sign ; in this case also the quotient must be positive. Because, 
— h multiplied by q ought to give a negative product, which 
cannot be obtained unless q is positive. Therefore, 

Suppose the dividend ^sitive, and the divisor negativCi in 
this case the quotient must be negative, because b, a negative 
quantity multiplied by q, ought to produce a positive, which 
cannot be obtained except with q negative ; hence, 

The last case is when h is positive and a negative, and in 

this case also, the quotient is negative ; because b, a positive 

quantity multiplied by q, ought to give the negative a, 

which necessarily supposes q negative; hence, 

— a 

We infer, therefore, the general 

The sign of the quotient u positive when both 
dividend and divisor are affected hy the same sign ; 
the sign of the quotient is negative when the dividend and 
divisor are affected by different signs. 

Some, for brevity's sake, express this rule common to multi- 
plication and division, as follows : — Like signs produce plus, 
and unlike signs, minw. 

Varioiu nxf § ^^- Obscrvc here agsdn that the nnmerieatl 
mericaiTaiofli. yJ^J^gg agsignablc to the algebraical terms em» 

ployed in division may be either whole numbers or fractional, 

and consequently, the quotient 7, numerically considered,, em- 

o 

4* 
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braoes foar cases corresponding to those already considered 

(2Tf) for multiplication, and which we will represent here with 

corresponding formulas, and according to arithmetical rul«s : 

m 



m 


:n 




«' 


n 
m 


h 






m 


h 


— 


tnk 


n 


:h 


=r 


n 


m 


m,h' 



These roles for division are founded in the definition. In 
fact, if we multiply the quotient or the second member of 
each one of the preceding equations by the corresponding 
divbor, the product will result equal to the dividend. 

m Tn.n n 

n n n 

n,k h n.k.h n.k,h n kk n 



m.h' k m.h.k m.k.h m' kh m' 
m.k h m,k,h kk 
h ' k h,k * k.h ' 

n , n.A n h n 



fin,h fn,,h 7n h n^ 

Nnmerini § ^^* ^^® numencal values of each element of a 
pound ^n^ compound monomial sometimes are given separately. 
™**^ In this case the. ultimate reduction for multipli- 

eation and division involves some complication. Let us here 
examine the case of monomials, having the fractional form, 

CL C 

and suppose 7 and - to be such monomials. Representing by 
m, n, py r, s, £, u, v whole numbers, let the numerical value 
of a be represented by — , and that of b by -, that of c by 



n 



tiSStiOT.""* *:> **^<^ *^** of ^ ^J -• And to commence with 

* V 
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the case of muItiplicatioD^ let - be the multiplicand^ and - 

the multiplier. Now, 

m 

a n w.j> fn,r 

h p n ' r n,p' 

r 

8 

c t ^ ^ '-^ 
d u t ' V t.u 

V 

a c m.r 8,v mrsv 



Therefore, 



b' d n,p' t.u nptu 



, mrsv msrv 7n8,pu m s p u . , ae 

but — — = -: — ==--.^~==:--.7:-.- = a.c:6.c« = ^-3; 
npfu ntpu fit rv n t r v bd 



a c an 



consequently, la^bd' 

The product whatever be the numerical value of each ele- 
rep?^*Dted*M menfc cf, &, c, d of the fractional expressions; or 



algebraical factors. 



Ibr whole nu- 
meriGal Ttlnes. 

Let us now come to the case of division, and let -7 be the 



dividend, and ^ the divisor, we have, as above, 

a m,r c s.v 

CaMof dtvieion. r* = — , — = I 

n,p d t,u 

- ^ a,c m.r 8,v mrtu 

therefore, r-3== • r^ = 5 

o d n.p t,u npsv 

_ , mrtu murt mu pi m u p s _ _ ad 

but = = — :^- = — .-:-. -=a.a:6.c==-r-: 

npsv nvps nv rt n v r t be 

The quotient a C ad 

Is obtained and neQce ~- : ~~ == —— > * 

expressed aa for ' h ' d hc * 

whole nnm* ^ ., •«...• •. «ai. 

hers. as for simple numerical division, whatever be the 

a c 
numerical values of each element of 'the monomials t &Qd -^ 

b d 
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Bednetion of § 37. We must here add some remarks con- 
■bnpierform. oeming the redaction of the quotient, and in 
general the redaction of the result of any other operation to a 
simpler form. And first, any quantity or number multiplied 
by unity, gives a product equal to itself; for instance, a X 1 
= a. Secondly, any quantity divided by itself, gives a quo- 
tient equal to unity. Because, the quotient, for example, of 
a : a must be such, that multiplied by a it gives a, which is 
none else except unity ; hence, it foUowSi that 

c 
a.- =z ai 

c 

_ . , a,e a e 

and, consequently, since 7 — = ^ . -, 

d h a.c a c 



and 

c c o.c c 



b.c^ h' -* 



, 1 <*.c a a h _ 

we will have also, -z — =-,—:- = a : 6. 

6.C c c 

Rule. That is, a qwarUity having the fructiofuil form - 

remains unchanged, mtUtiplying or dividing the numer€ttor 
and denominator by any other quantity, 
Redaetion to Hcncc, any number of such algebraical quan- 

tifte 8am« d«iio- ^ ^ a C e 

minator. titics 7> ;^» 7j • • • • Boiay be easily reduced to the 

same denominator like numbers; multiplying, namely, the 
numerator and denominator of each by the product of all the 
other denominators. So the above quantities, without being 
changed, can be expressed as follows : 

a,d,f c,h,f e,h,d 
hAj' dJTf" yTO"' 

having all the same denominator. 
Appiioabtoto We may here observe also, that to obtain the 

Addition and / ' 

•ubtracuon. Bum or difference of algebraical quantities having 
a fractional form and the same denominator, it is enough to 
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take the sum or differeocc of the numerators and divide it by 
the common denominator. Hence, if the quantities -, -^ are 
to be added or subtracted from one another^ we may first re- 
duce them to the same' denominator, taking -=-^-r for j, and 

CO c 

-^-j- for -, and in the case of addition we will have 
d,b a 

f^ _.c ad cb ad -f- ch 

in the case of subtraction, 

a c ad ch ad — cb 
ft"~5~ bd'^bd'^ bd^^ 

exactly as for numbers. 

im>birau. ^ §38. Given. Answers. 

(1.) ah : m, — . 

^ m 

(2.) ahem : m, abc. 

(3.) a^bc : aft, ac, 

(4.) abf^d'-.bi^, — , 

,- . bed m*H* 

(5.) mn : — , -^--r- 

mn oca 

m'b^ m'fc* ac 



(6.) 



ac 



' a*<^ ' mb' 



(8.) i»«:^-* led. 



hcd! 

(9) —fg'-nt 



_fy 
n 

(10.) m«6--3-, j^. 

(11.) ~g^*,-—^ +— i^- 
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(L^) 



Ahdr ^ 4mg» 26*(f*r» 

7mV * 14&*^r«* my ' 



(15.) 



7/(fcy* 21r«^2'' ^ J^V 
Tm'ft^' ^ 2 l/V^ 2>*m* 

A certain number of balls is taken n times 
from an urn. At the end, the amount of the balls 
extracted is found to be m. How manj balls where taken 
each time ? 

Ans. X = — , 

n 

Suppose w = 50, » == 10, 
then £c r=: 5. 

Suppose m = 56, n = 8, 
then X = 7, &o. 

Three messengers A, B, C leave at once the same 
town. A arrives at a distance of n miles, B at a 
distance of r miles, and G at a distance of % miles, at the end 
of the same number g of days, travelling each one of them an 
equal number of miles every day. How many miles did A 
travel each day ? how many B ? how many 7 



Ans. 


A travelled 


X miles. 

9 




B « 


9 


Suppose^ 


" 

= 15 and n = 
m = 


9 
= 450, 

= 630, 




« = 


= 420, 


then 


X = 30, ar - 


-42,*" — 28. 
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Aennts or When Symbols are used to represent similar 

dashes: their , , 

meaning. or analogous quantities, instead of changing the 

symbol, we make use sometimes of the same symbol with one 
or more accents above it, as in the preceding example, and 
such symbols are read x prime, x second^ &o. 



ARTICLE m. 
Ibrmation of Powers and Extractum of Roois, 
What a eer- § 39. PowEES. — ^Lct m bc a whole- number, 

tain power of a * ' ■ 

quantity ia. and a any algebraic quantity. To raise a to the 
power w, or to form the m*^ power of a, means to multiply a 

Root, expo, by itself m times. In this operation a is termed 
power. root, m the exponent or degree, or index; the 

power, (which may be called p) is expressed by a^, and this 
expression is read a to the m^ power, or simply a to m. The 
operation is the same as for numbers. 

formation of 3 ^' Numerical reUtions are in aU cases applicable 
powers, embrar to quantities, since, as we hare frequently observed, 
of numerical whencTer algebraical quantities are submitted to any 
lerif^n and operation or comparison, their numerical value is taken 
asfinitioii. into account. 

Let I, n,p represent three numbers, and suppose /» to be obtained 
from I through multiplication, as n is derived from unity through 
addition. Then p is the n^ power of I, and the expression of the 
]>ower being ^ , we have l^ ^p. To raise, therefore, the root I to 
the power n, is to find out the number p, Now n, a rational number, 
and if irrational, represented by a rational one, is dther a whole 

Caaeoftheln- number or a fraction. Suppose, first, n to be a whole 
l)er. number, it is then derived from unity through addition 

bytaMng l + l + r+l + 

n times ; therefore, the power |» or 2* is giTen by the product 

where I is taken ft times, and this is the case considered in the pre- 
ceding number. 
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Gmeorfha In- Sappose, now, ft to be a fraction having r for nume* 
dez fractional, rator, and s for denominator. To derive firom unitjr 

r 
tliroiigh addition - , it is necessary first to divide unity into t parts, 

and take r times one of these parts, namely, 

1+1+1+1+.. . 

To obtain, therefore, j) or /* it is first necessary to determine a 
quantity «e, which, if multiplied t times by itself would give I in the 

same manner as - added s times to itself gives 1. Then, since to 

. r 1 t, 

obtain - we take - r times, so the power I* will be equal to 

where a is taken r times. And, consequently, 

r 

Hence, we derive the following definition : — The power 

of any given quantity a m the product of factors equal to 

the tame quantity a, or the product of factors equal to such an element, 

which multiplied by itself a certain number of times produces the given 

Apparent ^C'^^y a. Prom this definition it follows, that when the 

powers. index n of the power f* is either equal to 1, or equal to 

- , the power then is merely apparent or nominal. Because, in the 

first case the root I is not multiplied by itself, but simply taken as it is ; 
and so, likewise, the element «, in the second case is not multiplied 
by itself. Therefore, according to the given definition, neither of the 
expressions L 

Cube and ig a power. However, as we term P the third power or 
nal powers. cube of Z, and t^ the second power or square of I; so 

by analogy we term V the first power of Z, and I* the ( - j power of l, 

which last is so far in reality from being a power of /, that on the 
contrary 2 is a power of a, as we have seen, and we will better see 
hereafter. 

Powers of i^^' ^^^ signification of unity is either collective or 
unity, simple. In the first case 1 is, like any other root, capable 

of being raised to any power n, and consequently susceptible of cor- 
pesponding modifications. In the second case 1* is again an apparent 
power, since simple unity is incapable of being raised to any power 
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whatsoeyer, or in other words, simple unity cannot be aJFected by any 
G»e of simple ^^^ either whole number or a fraction. Suppose in 
lu^i^y* fact, the index n a whole number, we will haye then 

l«=:lXlXlX...., 
but 1, multiplied by simple unity is equal to 1, and, consequently, 
1** s=s 1. Suppose n a fraction, yre must first find the element «, 
which multiplied a certain number of times by itself gives 1, but this 
element cannot be any except simple unity ; therefore, « in this case is 
equal to 1. But in the present supposition, the power 1** is obtained 
by repeatedly multiplying « by itself; therefore, in this case also, 
I** ass 1. Simple unity, therefore, remains unchanged when raised to 
any power. 

ColiectiTe ^^^ when unity has a eoUectiye meaning, then 1« or 
unity. more simply 1', 1', . . . have by no means the same Taloe 

and signification as 1. Howeyer, eyen in this case we write 1' ob 1, 
P =s 1, . . . . 1" Bs 1, not being able to express these units of yarious 
orders with other symbols. But, whenever in mathematical inyestiga- 
tions such units of yarious degrees occur, we take notice of their 
different meaning, or the exponent is left to indicate the order. 

Product of § ^^* ^^ °^^ ^ ^ represent two whole num- 
SSr^SU^SSte ^"- We have seen (32) already that the pro- 
appu^°to ^ ^^^^ of m + ' factors, equal to a, can be expressed 
mnibroot. Y)j a^,a*, 88 wcU as by «*+*; nay, whatever be 
the number of such exponents m, t, r, s, . . . , we will always 
evidently have 

a*. a'. «••. a*. . . == a- + * + '' + *+ •'. 

FractaoDAlez- ^ ^^ exponents become fractional, (and supposing 
ponents. them reduced to the same denominator,) we will have, 

likewise, Bit "i.t.t.^. 

9 . a . a . . . sss a 

Because, for each factor of the first number of this equation, we must 
first (40) find out a number which multiplied « times by itself pves a. 
Let this number be y. We will have 

a'xa y*", tf* Bs H, a* ssa l^y .. . 
and, consequentiy, 

«» l_ r 

« . a . o . . . as f**. r . r . • • ts r ^ ■^..« 

ft 
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But also, «^+-+ •"•*■;;'« ' — » r-+« +'+...; 

therefore, 7 1 'i «?+•+•*' * ' 

. a . a . . . ova 

Genanlinftr- Hence, we generally infer the following propontioa 
«Boe and rate, m,^ j^^ . 

The proJkui of €tny number of powen of the iame root, it tkU verj 
root raited to a power equal to the sum of aU the partial eipanentt, 
whether whole number e or f^raetione. 

Product of § 48. Let us resume tgkin ihe whole number 
tbr^nme^ex- ^ AS commou exponent of the roots a, 5, c, ... 
number ^ ap- The powers a*", b^, c'^f ... multiplied together, 
piwtonriou. ^jjj manifestly give a«.6«.c". . . =(a.6.c. . .)- 

sinoe in both cases the same number of fiustors equal to a^ 
equal to h, &c., are multiplied. 

^ ,. , But if the exponent becomes fractional, for instance^ 

ponent _ . ^j^^ consequently, the preceding powers are changed 

o 

M m M 

into a', 6', e*, . . . . Let, as before, y represent the numerical yahie, 

which multiplied t times by itself gives a, and let 7^, /, . . , be the 

numerical values or numbers, which multiplied, each $ times by itself^ 

give 6, «,..., we will have 

fi s s ' 

«• OB »", b* SB ^*, e* as /",... . 

and consequently, 

S !* C ■ 

Now, since e fiustors equal to » . 7^ . /. . . . give a . 6. «... the last num- 
ber of this equation represents the power (a.b.e. . ,)'. Therefore^ 

m M m M 

a , b ; c .... as (a,b , e», ,j. 
General Infer. Hence, we generally infer, that 
anee and rule. j%^ product of any number of powere 0/ the eame A- 
ffree, either whole or fraeOanalj is equal to the product of the roots raised 
to the same power, 

PoweraoTpow- § ^' ^* ^^^ *^® powor a* be taken as the 
Si»S?tB wtoto ™^* of another power of the degree A. Sup- 
'''^^'^ posing h a whole number, (a"")* signifies that the 



OPSBATI^ia'Off MOKOlOAIiS. 51 

jnfoduet of m heton equd to a is iDttUipUed k times bj itself 
But this comes to the same as to take the product of m.A 
fkctors equal to a, which product is expressed bj the power 
a" • * J hencCi (a*)* = a* • *. 

FnMsHonai ex- ^^ ^'^''^ multipKeatioB of ezpoaentf will take plaee 
P^i**^^ wh«n ttoj beoomoi fra«tioiial niwben. Suppose, in 

fiMit, m to be changed into -, and h into -3 or the power a« raised to 

the power -. And making again, as in preceding nnmbers a< =a t", 
we viUha^e 



U*r «(»•)'..., (o). 



Let now fi he another nomber which multiplied r tixnea hy itself giTos 
r ; in this supposition, we haye 

and, oonseqnenUj, »* ■■ z^** ass ^fiP-' ok {/f^Y* 
From Ito we infer that ^ is a nnmhw whioh multiplied f* tfmes hf 
itself, giyes »**. 
Besume now, again, tiie second member of the equation (o). To 

obtain the power expressed* by the monomial (y")^ it is enough to raise 
to the power A, the number which multiplied r times by itsell^ giTea 
f", but this number is ^, therefore, 

m 

but v*"sa a'; hence, 

C^'=,y8"* (O,) 

Now, since j^ is equal to v, we will hare, also 

but V is that number, whioh multiplied s times by itself^ giyes a 

therefore, fiT'* sss a; 

that is, /8 is such a number, which multiplied r. « times by itself, 

giTes a. Hence, the power a* ' ' is obtained by raismg /8 to the power 
m. A, that is, ilL* s. ^ 

Substituting, finalljr, this Talue in the second numl>er of (o,) wa hsm 

/ !5v4 2!, ft 
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flffnanl iaftr- *" '<^' ^^ ^*** ^ exponoits, wholft nnmben. Henoe, 
MMaadnila general^, 

l%e power of a power ofw^f root it egueil to the eame root, having for 
ea^fonent the protbtet of the gnen e^xirate exponente, 

Simpiiflatioii I ^^' ^® ^^^^ "^^ already (37) how a qno- 
ftmcSoMw^Tw tient or fraciimi may be reduced to a simpler 
^'^^ . form bj the elimlnaUon of ooramon factors. Let 

us see bere bow in tbe same fraction we may chaDge, in all 
caseS; eitber the numerator or denominator into unity. 

^_^ ^ Let us commence with tbe most simple case 



ponmts whole of the whole numbers m and n, and the first 

Bumlwra, and ' ^ 

Se^ommitor. greater than tbe second. The fraction — may be 



or 



easily transformed in this case to tbe form of a whole quaii- 
tity, because, calling <2, tbe difference m — n, we have 
a* = a^*~"', but (42), a* = a^*'"*\ a* ; hence, a^=za*. a% 



a" a*, a* 



— = — — =a*= a<— >. 



a* a* 



BMond — - .•.-...- o 



« 



hSE!? te^M Suppose now, tbe given fraction to be ~ we 

in thedenomi- ^ 

BAtor. will have then 

a* a* 1 1 



a* a'a* a' a**"* 



Third 



Similar modifications will take place with fractioiial 



Fraetioiui ex- exponents. Suppose, in fact, - and - to be the ezpo- 
poneots, and '^'^ ' ' * * *^ 

the higher in , m an S "* 

th.nume«tor. nents, then- - 5 « f , and fl(T-!). a' = a* ; there- 

» e 9 ' 

fore, a' mm a*, a', and 

Bis 

- - !^-^ - •• - a^' '>. 

Vonrth oMe. ^' 

Higher degree If the gjven fraction is — , then we hays 
fai the denoinl- S 

luilor. ^e 
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rt* rt* 1 



nfth cue. Following the analogy of the preceding cases, 

Equal expo* ^ ^ ^» 

■«** the algebraic fraction — , will give either a"""*, 

or ^ ^ ; but — - = 1 ; therafore, of ~* = ,. ^ = 1, er 

Neg«(ite e» Bxtending stiU fiirther the analogy, and snp- 

ponente. ... • <X* «** 

posing in the quotients --, -- m>^n, as above; 

a d 

as from the latter, we infer -- = a*~* = a*, so we represent 

a* 
the former -- by a*~* = a~*. And likewise the former 
a* "^ 

ft* 2 1 

fraction ^tes — = ^_^ = -j, so by analogy, we write 

tt"* 1 a* 

-7= ~~=«- Therefore the quotient -— is represented at 

1 , a* 1 • 

once by ce', and by '-:^y and the quotient — by ^, and by 

a~', or the expressions 

are considered as synonyms. 

It is not necessary to extend here the same obserrations to the ease 
of fraetional etponents, to which they could be as easily iqppliedy as it 
is eyident. 

From the said convention it follows* first, that 

iBferenoes. ^ 

a*, a""* = 1. 

Secondly, sin^Ns the difference d between any two numbers 
m, n, has Che same absolute value, but diffeifent signs, accord- 

6* 
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ing as m is subtracted from n, or vice vena, it follows, tbat in 
all cases we may write : 

a* 1 

a* a*""** 

§46. Write in the upper or lower line all the 
terms of the given fractions. 

(1.) ^, Answers: a*hc-d-, or ^. ,^!^ . 

(3.) ^, ar<fd-''e-; or -—-—3—. 

(4) ^^» «-"• *• iT -A or ^:r=5^y. 

(6.) ^, ^.^.a-«-, or 5S^. 

Write the following expressions all with positive exponeniS| 
and reduce the exponential quantities according to the pre- 
ceding rules : 

Given. Answers. 



(8.) 

(9.) 

(10.) 
(11.) 






(12.) 
(13.) 
(14.) 
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Given. Answen. 

ar^b.d^,f-".pr^'-"^^ (a. &)*.<!*» 



(1^0 ^-, :-,.-c>^,.) > (a.6)-./-. 



(16.) 






There is also another modification of algebraic expressions 
of this kind. Observe that the power of any fractional mo- 

-] is equal to the power m of the 

numerator, divided by the power m of the denominator ; since 

at €b 

-. 7. ... is equal to the product of a taken m times, divided 

by the product of h taken also m times. The expression then 

{j\ may^be transformed into ^, or vice versa. So, for 

example, we may write 

"F+i" ~~ \b) '^' 
The extrao- § 47. ExTBAOTioN OF RooTS. — ^To extract the 

tion of roots is 

fheinyenieope- root of a quantity a is to find out another quan- 

ntion of ra»- , i . . . * 

log to power, tity r, which raised to a certam power, gives a. 
Hence, the given quantity a is considered as the power of 
another quantity r, raised to the exponent indicated by the 
root ; and since the extraction of the root consists in finding 
this r, the operation, therefore, is the inverse of raising to 
power. 
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OonyeBtiuMi xhe manner in which thuEi operatioii b indicated 

ngns and no- . *^ . 

BMDeutara. ig by the expression 

which is read m*^ root of a, and with generical terms radiml 
expression^ or simply radicah So, likewise, y/~ is called 
radical sign, m index or degree of the root, which is the ex- 
ponent to be given to the unknown quantity r or root, to 
squara and obtain a. If m is equal to 2, the root is called 
cubical rooti. gquare, and in this case the index is omitted, so 
that the expression -|/a without any number in the radical 
sign, signifies square root of a. When m is equal to 3, the 

root is termed cuhiccd, ^m, is also represented by a% and 

p/a*"by a*,* fractional powers on which we may operate, 

as on whole powers^f 
The root or a { 48. Suppose m n to be wkole numbers, we say that 



^remnted by a ^/o^ the n^ root of a» is equ&l to a". Because, let 

*Tve?'to « be the numerical val 
ttw MiM4«an. iigelf, giyes a, we hare 



nentgWen to < be the numerical value which multiplied n times by 

ttwa 
fity. 

*• ■» 0^ ; 

( -V 

and, consequently, (*"•)» a» \a*/ as <^. 

Therefore, «"* is that numerical value, which raised to the power n^ 

gives a*" ; hence, «"* is the n^ root of a^", but i^ aas a*, therefore, 

m 1 

p/«r*^ 8B a* SB («»)» ; 

and SHpposiiig fit as l^-*^ _ i 

1 
that is, the n*^ root of a, ^ « nosed to tiie power -, aad vice vena, (iO.) 

Case of the Observe, also, that 
ftMtfobal todex. « 

e See the following number, 
t II 42, i3, 44, 44. 
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A radical hay- eongequentlT, 

Ing a fractional " «_ 

Ipdex can be m i — ~~~ 

trannfonnadin- -5 / » 

toonehaWnga T^ «* sb \ |a"*^"* sb «* * 

wliole number ' ^ V / » 

inr index. « » ^_^ 

but «" as a and «"* aa .a* ; again, a* ^ ^^^> bo 
from the last equation, we infer 

- _- fi 

^a ss 0" ^ p/o*. 

— j root of a is equal to the (— I power of the 

flame a, and equal to the vi^ root of a"*, 
l^neta of { 49. Henoe, (42, 43,) 

f/r. "{/7. p/r. . . =, ^^sdmL/a. 
First tiase. Because, 

Different mota • < c m I r . 

of the lame "m /~~ *# y"" "r,^" T •* ■" 

quaatttj. |/^0 • |/^ • |/ ^ • • . • ss a , a , a ... 



a* • • 



ss &C. 

And, since firactions may be always reduced to the same numeratoiv 
no less than to the same denominator, similar reductions can be per- 
formed in all cases ; and, supposing in the preceding formulas « mm. 2, 
we willhaye 

. 8,0^ j oi^ In the case of equal roots of different quantities, we. 

Eqcnl roots of inll haTO- 

different qnan* 

tteiea JL • S. ± ^ ^ 

yO • yb . ye , • « sas yG « ( . C . . • 

Because, sb •/(a. 6. •••.)•, 

.1 J ± s s s 

"p/o". ]p/r. Tp/r. . . at a* . *• . fl*. . . 

s 
]« (a. &.«...)*; 
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ftnd, Bupposing ni as 1. 



ytt . yh , |/ e . « . «■ yd • 6 . C • • . 

Boot of ft root Let now the root ef a root be giTen, for Instvioc^ 



>/k 



^/oj we will find 



JL _____ 



becauae, (44) -/j •/ , .».^ jj. 

Supposing the denominators m and A equal to nnitj, tlMn 



V 



{/7^yi 



Th« index of Obserre here also, that, since 

tiie root, and « » 

that of thd -. — — ^ii5 ^y 

emantltjrundor ■/«• s^ a* and a* ass 4*'* aa« vi** , 

Uie radical bI;^^ , « 

may be maiu- SO we naye also 

plied or divided 

Dy the same •/-• __ "f/fl**.*. 



quantity. 

again, !,• ^ (a*)* -a '\a?; ii«a««f 

n 



\/a*. 



Tonreaaeittm* i &0. Let US now analjxe the formnla^ 

hraoedbyaradi- 

cal expression. p/^ ^,5 ^ 

Four cases majr occur abont this fomnla. Firsts n (which is mp- 
posed to be a whole number) is either an eyen number ^ 2t, o,r an 
odd number as 2t4- 1 : again, with n as 2^ we can suppose a poqi- 
tiye or a negatiye, and the same supposition can be made when 
n SI 2t4- 1. Let us commence to examine the case of m 
positiTCi and n ss 2t. Since the formula l/a ss *, sup- 
poses «** SB Oy we will ha?e 

fl^ as a. 

But 4-«^ &9 weU as — «, rused a^ tl|e poyer 2% C^ye the same 
positiye product ; hence, 
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Therefore^ in the first case, we haye 



that is, the (2t)*^ root of a is either positiye or negatiye. 
Beeond cam, ^* again a be positiye, hut the index n ss 2t4- 1, or let 
*+^/+T= A, we wiU haye (*)*+* = + <h ^^t «in this 
ease most be necessarily positiye, because, 2t-f> 1, factors of the same 
quantity, cannot giye a positiye product unless the same quantity is 
posidye ; hence, (-f- a]^'*'^ sb o, 

Let now a be negatiye, and the index n still equal to 



^'"^ 2t-|-l- Since a negatiye product of the same quantity 
multiplied 2t4- 1 times, can be obtained only by a negatiye quantity, 
go we wUl haye, in this case . 

The last case is that of a negatiye when n as 2t and 

Fourth eaaa. ^y 

expressed by |/ — a. But neither among positiye nor 

negatiye numbers or quantities, any one is to be found representing 

this root, because we haye seen in the first case, that with a either 

positiye or negatiye, we haye always «t* as -f" ^ i hence the radical 

expresnon V/ a^ 

Imaginary ndl- ^ termed imaginary root» er radical or imaginary 
oals or rootiu quantity or eipresdon. 

Although such expressions, considered in one point of yiew, are 
paradoxical, yet they may be also considered as symbols of terms 
heterogeneous to real quantities, that is, ^ — a is the symbol of a 
term not included in theeategoiy ef real quantitiee, which term 
being incapable of taking a real form, cannot be represented but by 
an ambiguous or paradoxical form. These mysterious symbols, so 
frequentiy met with in mathematical inyestigations, are used and 
profitably managed like real quantities* 

OperatkniB on { 51. I«et US then see here some of the elementary 
utiM. operations about such quantities, and first, let us take 

Midti^iMtioii the product of ^ — « by ^—6, Sinee — a and — b 

are equiyalent toax — 1»*X — *> M^d ^ — a, y^^—o 

are equiyalent to — a^, — i^, so we irill have 
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^—a « (a X -1)* « fl*. -1* « s/a. v^=ri, 

^/=:rh « (6 X - 1)* « A* —1* » v^r v^::ri. 

Therefore, v^=a v^^I^ » v^a v/5'(v^^=n)» ; 

but ^^. y/^3= ^^, (^/Z^)* « — 1 ; hence 

^ — a . ^ — 6 SB — ^oST 
In like manner, we will haTe 

— fly^^ . b^y — 1 3SB a.6; 

because _ a . 5 g. — ah and (v/^^)* ^ — 1. 

Again, the ratio av'--l : *%/—!, gives 

tf^/^^ a 

power.. Since (^^31).«_1, 

we will haye, also 

(v/=ir-(-i)«-+i, 

and so on. And generally, 

in which the sign is positiye when t is an even number. In an equal 
manner, we will have 

where, likewise, the positire sign is to be taken with i an eyen number. 
Because, (^/=:ri)(«»+i) « (^Hl)*. ^/ZTl ; hence, 

(^/z:i)(«+i) « ± 1 y/:z:i « db ^/zri. 

A corollary follows from this doctrine, applicable to the case of 
real quantities. We hare seen (50) that the n*^ real'root of a is either 
double or only one or none; but if together with the real, we reckon 
also the imaginary roots of the same quantity, their number is quite 
different. 60, for example, 

(+2)«, (-2)*, {+ V-"^)*. (- V=^*. 
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pje all 4-1^; hence, the fourth root of 16 admits four diifereiil 
Yalues, two real, aud two imaginarj—^namelj, 

Irrational radi- ^ 52. It DOW remains for as to add some remarks 
calH and qnaii* 

titi<M. eoDceming irrational radicals. These remarks are con- 

nected with other questions somewhat foreign to the subject of the 
preceding numbers. For this reason they have been left for the last 
of the present article. We wiU commence by illustrating the method 
of finding the greatest common measure of two numbers. 

Greatest com- Supp<i8e M and N to be two whole numbers, 
moa auMsare. ^j. immerieal values of two quantities, and M > N. 
Let the whole number ^ be the quotient af M divided by N 
and R' the remainder; or, in other terms, let M6 be equal to gf 
times N plus R', which is less than N. Dividing now N bj 
R'y let ^" be the quotient and R" the remainder ; dividing in 
the next place, R' by R'", let q'" be the quotient, and R'" the 
remainder, &c., in this manner, we have the equations 

M == j' N + R' 

N = j" R' + R" 

R' = ^"R" + R'" [ (O.J 

R"=:g»-R'" + R»^ 

&c. 

Now, if R^, for example, would be found equal to sero, 
namely, if R^^ divides exactly R'" without any remainder, we 
say first, that the same R*"" is an exact divisor of M and N ; 
and secondly, this divisor is the greatest common divisor or 
measure of M aud N. The first assertion is easily demon- 
strated, observing that R^"" cannot exactly divide R'", without 
dividing al;M) R", because, R" = g'^R"' + R" ; but by suppo- 
sition, R'" = q^B}' ; therefore, R" = q'\ q\ R»^ + R*" ; that is 
to say, R" i» equal to q^\ 5* + 1 *»°*68 R*', and for brevity's 

sake, calling Q the sum, q^\ q^ + l: R" = QR^ or ^ == Q. 

6 
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Bat; agaiD; B}^ cannot be an exact divisor of R'' without 
dividing also R'. This remainder is equal to j^'R'^-f- R'", but 
by supposition, R'" = g'^R**, and consequently, R" = QR^*^ ; 
hence, R' = j"' QR*' + j^R*^ ; that is to say, R' is equal to 
j'". Q + j"" times R*^, and for brevity's sake, calling Q the 

sum j'"Q + q% R' = (yR^ or g^ = Q'. Following the same 

process, we find that N and M are, likewise, multiples of the 
same number R^^, which, consequently, is an exact divisor of 
them. But the same remainder is the greatest common 
divisor of the same number; because, no number — K for 
instance — greater than the last said remainder, can divide both 
numbers M and N. 

To demonstrate this, observe, first, that subtracting from 
both members of the preceding equations, the same number^ 
namely, ^'N, from the members of the first, ^'R'; from those 
of the second, and so on, we easily deduce (16,) the following 
equations: 

R' =M— j'N 

R" = N — j"R' 

R'"=R'— j^'R" [ (0,.) 

R»-=R"— 2»-R'" 

*&c. 

Making now the supposition that K divides exactly M and 
N, we must admit that it divides also R'. Because M, for 
example, will contain exactly K two or three, or r times, and 
N will exactly contain the same K, for instance, 8 times ; then 
M = rK, N = 8K, and M — j'N = rK — j'aK, but from the 
last equations, M — j'N = R' ; hence, R' = rK — ^sK ; that 
is to say, R' contains (r — ^s) times K, or R' is an exact 
multiple of R'. Reasoning in the same manner, since N and 
R' are multiples of K, it follows from the second equation, 
that K must be an exact divisor of R'' also, and for the same 
reason an exact divisor uf R'" and R*^ ; but K is greater than 
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R", and consequently, W cannot be divided by K ; hence, 
the supposition of K a common measure of M and N, and 
greater than the last remainder cannot be admitted ; and we 
generally infer, that when two numbers M and N are given, 
the last remainder found in the above-described process is 
their greatest common measure. 

Exampiea. Let M = 189, N = 147, we will have 
¥ = 11?-= ^ + W ^*°'''^' «' = !'«'= 42, 
K' 42 ~ ^42' J— a, ii—^i, 

1^=11 = 2 + 0. « 2"' = 2,R'" = 0. 

The last remainder, therefore, is R" = 21, the greatest common 
measure of the numbers 189, 147. 

Let M = 154, N = 15, we will have 
M = 154 



N = 15 

R' = 4 

R" = 3 

R'"= 1 

R' = 



10 =q' 

3 =3" 

1 =j'" 

3..:... =2*^ 



In this case unity is the last remainder ; hence, no number 
Prime numbers abovc Unity, divides exactly both 154 and 15* 
to «ch other. T^yhen numbcrs have no common measure, except 
unity, they are called prime to each other. But the numbers 
of the present example are each divisible by other numbers 
above tmity, the first by 2, 7, and 11 ; the second, by 3 and 
5. But there are numbers which, even separately considered, 
cannot be exactly divided except by unity, such as 3, 5, 7, 
Prime nnm- 1%, 19, 31, &0. These numbers are termed 
■eiTes. prime in themselveSf or simply prime numhert. 
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Having premised these principles, let us pass to demonstrate 
the following proposition : 

How ft prime § ^^* ^ prime number N which accurately 
can^^^kto c?tt;i(ic« (Tie prodttct MP, must necessarily divide 
^oSSt'tv^ one of the /actors P, M. Suppose, first, N < M, 
^"' and M not accurately divisible by N. With 

regard to these two numbers we will have the same equa- 
tions, (o), (o^) of the preceding number, and, besides, the 
last remainder must be equal to 1. Multiplying now both 
members of the equations (o^) by P, we have 



PR' = MP — j'NP 
PR" = NP — 9"RT 
PR'"=R'P — j^'FT 

PR»-=R'T — ^^'R'"!" 
&c. 



J 



(o.) 



Now N, by supposition, divides accurately MP ; and since 

NP 
qj7-=^^j it divides also j'NP; therefore, the second 

number of the first equation (oj is accurately divisible by N, 
and consequently also the first PR'. In the second member 
of the next equation, we find NP again, and PR', both exactly 
divisible by N; hence, tlie first member PR" of this equation 
also is exactly divisible by N. In equal manner we prove 
that the following products PR'", PR% .... are all exactly 
divisible by N. But in our present supposition the last re^ 
mainder must be equal to 1 ; and consequently the last pro- 
duct exactly divisible by N is P .1, or P. 

Suppose now N ^ M, and divide N by M, and i^ain, M 
by the first remainder, and this by the second, and* so on ; 

call ^, ^', ^', .... the quotients, and //, /', />'", the 

remainder, the last of which must be as in the preceding 
case, equal to 1, on aooonnt of N being a prime number. 
With these elements we can easily form equations similar 



(o..) 
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to the preceding, and those oorresponding to the eqoatioiui 
(o J, will be 

P/ =NP— i^MP 

p/' = MP— /yp 

P/'=^T— y'V'P 

Now N, which certainly divides exactly NP, divides by 
supposition, accurately, MP ; therefore, the second member of 
the first (o,) is exactly divisible by N ; hence, also, its equiva- 
lent P/. Beasoning as in the preceding case, we will find 

•all the following products, P/o", P/o'", exactly divisible 

by N ; but the last p is equal to 1, and consequently the last 
of those products exactly divisible by N is P. This factor, 
therefore, is exactly divisible by N, when the other factor 
M, either greater or less than N, is not divisible by the same 
prime numbers. It is plain that in the same manner in which 
we have demonstrated that P is exactly divisible by N, when 
the other factor M is not divisible by the same N; so we 
could demonstrate that when P is not divisible by N, then M 
is certainly divisible by it; and we can generally infer, there- 
fore, that when the product PM is accurately divisible by N, 
a prime number, and one of the factors is not divisible by it, 
the other is necessarily divisible by the same number N. We 
may observe, that even in the case in which N is not a prime 
number absolutely, but prime only to M; and N divides 
exactly the product MP, P is exactly divisible by N. Which 
thing is proved in the same manner as the preceding theorem. 
A prime nam- CoroUaty, — ^Wc cau now easily infer this 
prodii<^di°kief Qorollary : When a prime number N divides 
the foetonT^ ^ exactly the product Q = R.M.K.H.., the same 
must necessarily divide at least one of the factors. 

Gall V the partial product M.K.H. . ., and F' the partial 

product K.H ; P"' the product H. . . ., and so on, we 

will have the given 
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F =MF' • . 

F' = KF" 
F"= HF^ &c. 

Now R, and the first factor of each one of the partial pro- 
ducts, is one of the factors of our product Q^R.M.K.H 
. . . .f the number of which is filled by the last of those 
partial products which contains the two last factors of Q. 
Suppose now that noue of the first factors R, M, K, .... is 
exactly divisible by N ; it follows first, that P' is divisible bj 
N, and consequently the second product MP"; but M by 
supposition is not divisible by N, therefore the factor P" 
must be a multiple of N; and consequently the product KP'", 
and the factor F" of this product, and so on, till the last 
factor of the last product, which is one of the factors of Q. 
If none, therefore, of the factors R.M.K .... of the given 
product Q, until the last, is divisible by N, the last must 
certainly be divisible by it. Vice versa^ if none of 
the factors of Q is divisible by the prime number N, 
neither Q can be divisible by it. It follows, besides, that if 
M or K are not divisible by a prime number N, neither M** 
«ind K" are divisible by itj because w representing a whole 
number, M" and K" are the products of n factors, none of 
-which is exactly divisible by N. 

Powers of ftac- § ^^' ^^^ ^^ HOW take the fractional expression 

tional expres- a- 

liionf). - reduced to its simplest teraia: that is, to such 

•simple elements a and b, as to admit no common divisor 
«ircept unity. We say that the numerical yalues of the powers 

T-i Ti • ' ' T- are necessarily fractional numbers, irreducible 
b* b^ b* ^ 

Irreducible to *® * simpicr form ; that is to say, admitting no 
A8iini»ief>rm. common measurs except unity. Suppose, in 
-ivLiAj that a** and 6" are exactly divisible by a number greater * 
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than 1 ; in this case a also and b must have a common measure 
aboye unity, which is against the present supposition. Before 
we demonstrate , this, let us observe first, that whole numbers 
are either prime numbers or products of prime numbers; con- 
sequently we cannot suppose a number divisible by another, 
which is not prime, without supposing that same nmnber 
divisible also by some prime number. Because, let the 
whole number N be divisible by the other whole number 

N 
P = m.n: that is, let the quotient r^ == Q be a whole num* 

ber ; since from this equation we deduce the other Q . P = N, 

or Q.m.ii==N, we will have also, — = Q.m, — =Q.m: 

m n 

that is, N is exactly divisible by the factors of P. . 

a* 
Let us now resume our fraction =-, the supposed common 

measure is ' either a prime number or not; in both cases we 
must admit that some prime number is common divisor to 
both a* and 6"; but we have already seen that a" or 6" cannot 
be divisible by any prime number, unless a and b are divisibit. 
by the same number. Therefore, when the fractional ex- 

pression j is reduced to its simplest terms, any power r- of the 

same fraction is another fractional expression, whose terms 
cannot be reduced to a simpler form, and consequently it is 
essentially fractional. 

§55. We are now able to see how, among 

Irrational roots. . ^• ^ .-.• .i i 

the radical, quantities, there are some whose 
numerical values can never be exactly assigned, and are, con- 
sequently, to be reckoned among the irrational expressions. 

Power? of the Obscrve, that taking the squares, the cubes, 
ijerfc" **" the fourth powers, a,nd so on, of the natural senes 
1, 2, 3, 4, 5 of numbers, we have 
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• • • • 



Squares 1, 4, 9, 16; 

Cubes 1, 8,27, 64, 

Fourth powers. 1, 16, 71, 256, . . . ., &o. 

That is, the square root of 1 is 1, and the square root of 4 
is 2 ; heDce, the square roots of the numbers 2, 3 are between 
1 and 2, or they are numbers of an essentially fractional form, 
however reduced to their lowest terms ; but we have seen that 
a fractional expression raised to any power gives constantly a 
fractional result; no number, therefore, between 1 and 2, if 
squared, can give for power either the whole numbers 2 or 3 ; 
therefore the numbers 2 and 3 have neither their square roots 
among whole numbers nor among numbers of fractional form ; 
these roots, therefore, cannot be exactly expressed by any 
number either whole or fractional, although we may represent 
them by numbers more and more approaching to their value; 
the same roots, therefore, are irrational quantities. The same 
is to be said of the square roots of the numbers between 4 and 
9, between 9 and 16, &c. ; the same of the cubical roots of 
the numbers between 1 and 8, between 8 and 27, &c. ; the 
same of the fourth roots of the numbers between 1 and 16, • 
between 16 and 71, and so on. And generally, we infer, that 
when whole numbers have not tkeir roots amon^ other whole 
numbersy neither can they have them, among fractional ones. 

A teriM of J 56. Let us see now how an indefinite series of 
rational or a»> * 

rignabie num- rational numbers can be conceiyed constantly approach- 

bers may be . . • x* i ^ 

conceiwd ap- mg to any irrational root . 

'Snt^'to M* i)ivide unity into any number of small equal parts, 
Irrational root which we will call m. It is plain, first, that « is a frac- 
tion greater or smaller, according to the less or greater number oi 
parts into which unity is divided ; secondly, not only <*, but 2«, 8as 
4«, . . . . are all fractions until we take the whole number of them ; 
thirdly, the difference between two successive terms of the series m, 
2», 8«, . . . . is smaller in proportion to the greater number of parts 
into which unity has been divided ; fourthly, representing by n any 
number the difference between n -f- « and n -f- 2», is the same as that 
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oetween.the simple terms a» and 2m. Fmally, if n represents a wtiole 
number, n 4- «> n + 2»^ n -{- S«, and so on, are all fractional numbers 
comprised between n and n -}- It until we add to n all the parts » into 
whicb unity has been divided. Each one, therefore, of the numboi-s 
n 4- a*» n-\-2mt n-\-Zety reduced to its lowest terms, must have the 

fractional form ^ ; none of thera, therefore, raised to any power, gives 

an exact whole number. Now the square of 2, the first term of the 

series 2, 2 + •, 2 + 2«», 2 + 3«», 2+1 (?,) 

is 4, and the square of the last 2 -f- 1, is 9. The squares, theref<»«, cf 
the included terms must be included between 4 and 9, and the square 
of the second term 2 -f- « is greater than 4, but nearer to it than the 
square of the next 2-1- 2a»; the square of 2-f- 8« is still greater, and so 
on. But increasing indefinitely the number of the particles m, the differ- 
ence of the squares of the successive terms diminishes also indefinitely ; 
and in the same manner aa by increasing the number of these particles, 
the square of the second term 2 -f- a» approaches more and more to 4, 
so the squares of some of the following terms will more and more 
approach to 5, to 6, to 7, to 8, and ^e square of the term before tiie 
last will approach more and more to 9. But, in the same manner as 
this square, and that of the second term 2 -{- a», never reach 9 and 

4, however great may be the number of the particles •, so none of the 
squares of the intermediate terms will ever reach the whole numbers 

5, 6, 7, 8. Therefore, the radical expressions 

sAj s/^, %/T, v^, 

and the same we say of all similar roots, are numbers which cannot 
be exactly expressed, and, consequently, neither measured; for this 
reason they are called tneommenturable or nratumal, and turd. 

Beside these irrational numbers, other irrational quantities occur 
jr. mathematical questions, and all are reckoned among transcendental 
expressions. 

Miseeiianeoas § ^"^^ ^^^® *^® exponential form to the follow-' 

examples. j^g ^^^ . ^g^^ 47^ 43 ) 

Ezponentiia Ans. 

t>rm glyen to , ^ 



mots. 



_ 1 



|/a = a^, y^oT = a^, J/a = a**, 
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± 



a* a"* 



Give the radical form to the following powers : 

Radical fonn 2! 

0Ten to powers. 7 «* ^ ,«. « 3 

Observe, that a* = a " , &c. 



6« 



1 
2 






Badicaia re- Reduce the following radicals to tlie same 
""^d.S«."" degree. (See §49.) 



same 



\h'\'h'\arh~^^' 



Ans. 




a 



Ans. t/O^; 's/^^ ?/^' ^(75^7- 

P/G?, f/oS j/oF', 

Ans. •"i/5«^, «'T5/5^, »T/(5i7*. 

Multiplication Examples of Multiplication. (See §§ 42, 43, 

of radicals. 44^ 45^ 49^) 

Given factors : 



(1-) ^^. i/J'^'. 1/^=^. 
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Given factors : 



C^--* \7=^' "V^y^^' \7iF=' \F="* 

^^■^ \"7~' \^=^Fv \-6^ 

(4.) !/5f, -y/^. 

(5.) f^«, y^, ^/o®. 



Answers : 



= a,b./.r. 

(5.) ^^^ X V''^ X 'i^^^= a*, 

Beduction of HeductloD of the roots of roots to a simpler 
^SoV"^ ** form (§§44,47.) 
Given roots: 

(1.) 4^^a. (2.) ^Ji^. 
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(3.) yj/^. (4.) ^^^". 



(5.) . 







'"' \te(D" X ©• X ())' X ©: 



Answers. 



(l.y yjf'a => '/a. (2.) Jj;/p»=J». 

(3.) :^i/S«=j/5^. (40 ^jyj^=y7-'ylt- 

(5.) */'/' /iii*5«---7"-» r? 



m l« 



Greatest com- j^^t US add some exaiDplcs eoncerninff the 

mon me-asure of r o 

numbers. greatest common measure of numbers. 

Given numbers : 644 416. 

Ans. 32. 

Given « 916 2201, 

Ans. 31. 

Given « 1261 1079. 

Ans. 13. 

Given " 1267 916. 

Ans. 1. 
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CHAPTER 11. 

OPERATIONS ON POLYNOMIALS. 

ARTICLE L 

Addition and Subtraction, 

§ 58. Addition. — ^The addition of polynomials is sub* 
stantially the §ame as that of monomials, since to add one 
polynomial to another is nothing more than to add a number 
of monomials to another number of monomials. And to add 
together several polynomials signifies to add together as many 
monomials as are those contained in the given polynomials. 
All, therefore, that has been said (18) with regard to the 
addition of monomials is applicable to the case of polynomials. 
Hence, the addition of the polynomials 

a« + 4a6 -f 3c« — <^, 
— 3a»+ ac—^ab-\-l, 
la^-\- ah — Z -fdf, 
is obtained by writing in succession all their terms^ each with 
its proper sign. 

Reduction of Howcvcr, bcforc making this operation, and in 
similar terms. Qy^gj. ^ obtain a simpler result, observe whether 
similar terms, (10,) or equal, are to be found in the polynomials. 
Because, all such terms are expressed by a single term similar 
to them, and having for coefficient the sum or the difTerence 
of the partial coefficients. For example, the first of the given 
polynomials contains the terms -\- a^, -f- 4a6 ; the second, the 
similar terms — 3a^ — 3a5, and the third polynomial, the 
terms + 7a' + ah. Now, these six terms can be represented 
by only two equivalent to them, since the sum of the similar 
terms a" — Sa" -f- 7a' = 6tt', and that of the terms 4ai — 3a6 
-^ ah = 2ah. Again, the first polynomial contains the term 
— dy and the third the term -f- ^; which are mutually elimi 
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Bule. 



Examples. 



Bated, as well as tlie terms -|- ^ ^^^ — h ^^^ ^^^^ ^ ^^® 
second, and the last in the third polynomial. Hence, the 
sum of the given polynomials is 

6a* + 2a6 + 8c* -f- oc. 
And generally, to obtain the sum of given pofy- 
nomialSy write, first, any of them as given, then a 
second, so that the similar terms shall fall under the corre- 
sponding terms of the first, and so all the other polynomials. 
Reduce then the similar terms, and annex those terms which 

are alone, 

§ 59. Add together the polynomials 

r 3a«& + 76«c — 9c«£ — 13 j«5, 

(1.) ]— 7a«5 + 3c«2r-f js6— Za, 

Arranging these polynomials according to the preceding 
rule, we will have 

3a«6 + l¥c — 9c«j — 13 j«* 
— 7a»6 +3c»£-f- ^h— la 

--86«c + 6c«£+ 2g»5 + 3fot 

Sum — 4a«6— 5«c —I0fh + 2la, 

Add together the polynomials 

f 4a8cZ + 30^5 — 9w«/t, 
4m«/i + ah^ + 6c35 -f laH, 
^mH — 5(^h -\- 4cmn* — 8a6*, 
7wm* -|- 6c^6 — 5m*7i — 6a'6, 
7c85 _ lOaft* — 8ma/i — 10d\ 
1 12a»c? — 6a6« + 2(^6 + mn. 



(2.) 



And also 



(3.) 



Ca?»— 5«+8a*6 — 5a6», 
Scfi — 4a«6 + 3i« — 8a6», 
a8 -f js + 3a«ft, 
2a» ~ 46» — 5a5«, 
6a»& + 10ai«, 
-. 6a» — 7a«6 + 4a6« -f 2^. 
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Answers : 

(2.) Sum, lla^d + 18c»6 — 12m«» — 23a6« + limn* 
— lOd* -|- mn, 

(3.) Sum, a»+ 6» + o«6 + o^. 

§ 60. Subtraction. — To subtract a polynomial B from 
another polynomial A, means to find the difference between 
the two polynomials; that is, another polynomial D^ which, 
if added to B, gives A for sum. Applying now to these ex- 
pressions the reasoning made (21) with regard to simple 
monomials, we may easily infer, that 

The polynomial B is subtracted from A hy adding 
to this a poli/nomial opposite to B. 
We do not need to prove that the polynomial opposite to B 
contains the same terms of B, but with opposite signs. 
Take B = 6m»ft — 5a»6» + L 
Prom A = 3»i«6 + 4m»c — 6a«ft«. 
The polynomial opposite to B is 

— 6w»c + 5a«5« — h 
Hence, A — B = 3m«& + 4m'c — 6a«5« 

— 6m«c + 6a"ft« — ?. 

And D = 3m«6 — 2m»c — a^l^ — L 

Adding, in fact, this D to B, we will obtain A. 

.J V ( Take a + 25 + c -f 5cl 
^ '^ lfrom4a + 3Z> — 2c + 8rf. 



(2.) 
(3.) 

(4.) 
(5.) 



( Take — bab -f 7ft« — - 19a« + 2m 
I from I2ah + 36* — 17a» + 3m. 

f Take I0m*b + 10m« — 10w»6» 
l from 10m» -[- 4m'6 — 5m'6'. 

f Take— a« + 2a& — 6« 
I from a* + 2o6 + 6«. 

f Take — fiqg — - r»3 + 12mn 
tfrom llr»« + 12«P— W^srsr. 



76 TREATISE ON ALOEBHA. 



Answers: 

(1.) D = 8a + & — 3c + 3rf. 

(2.) D = I7ab — 46» + 2a« + m. 

(3.) D = 5w»5» — 6m«6. (4.) D = 2a«+26». 

(6.) D = 12r»« -f 1 2«« — 12<«j^ + Umn. 



ARTICLE II. 
MultipUcation and Division, 

§ 62. Multiplication. — ^The multiplication of a poly- 
nomial A by another polynomial B, consists like that of mo- 
nomials (24) in finding the product P, an expression either 
monomial or polynomial, whose numerical value is equal to 
the product of the numerical values of the factors A and B. 

But multiplying A by each of the terms of B^ and summing 
up all these partial products, the sum must be the product of 
A by B. Therefore, to obtain the product of a polynomial A 
by another polynomial B, 

Take the mm of the product of all the terms of 
A hi/ ea>ch of the terms of B, or vice versa. 

Taking A for multiplicand, and B for multiplier, or vice 
versa J in both cases we will have the same terms to be added. 
The product of polynomials is usually indicated by enclosing 
them within parentheses, as follows : (A) (B). 

§ 63. Let A = a — &, B = c — d, we will have 

Examples. A.B == (a-h) (c^ d) =:=F. 

And (a — h)(c — d) = (a — 5)c — (a — b)d 

= ac — c5 — ad -f- hd. 
This example may be also used to demonstrate the correct- 
ness of the rule of signs. 

Rule of signs ^^ *^® preceding product we have followed the 
Oemonttrated. ^uown rule of signs. But, making a — 6 = m, 
c — d = n, we can see with another process that the rule to 
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be followed with regard to signs must be that already given, 
(25, 26.) 

Add h to both members of the first equation, and d to both 
members of the second, we will have (16) 

a=m+b I 
c=n + d M^') 
and consequently, a,c = (m-^ b)(n + c?. )• 
The terms of these factors being all positive, their product is 
manifestly altogether positive; and consequently we will have 

a . c =3= mn -[- fin -f- md -j- bd. 
And since the difference hd — hd = Of the product cf.c will 
not be changed by adding this difTerence to it, and so it will be 

a,c = mn -{- hn-\- md -j-hd-^ hd — hd. 
Now the terms hd -{- m^, having d for common £su$tor, may 
be represented by (h -{- m)dy and likewise, the terms hd and 
hn, which have b for common factor, can be represented by 
(d 4- n)h. Hence, making the substitution, the preceding 
equation will become 

a . c = (6 -}■ ^)^ + (^ + **)^ + ***** — ^> 
but the first (o) gives (6 4~ ***) = ^y ^^^ ^^® second (d -\- n") 
= e. Therefore, substituting again 

a,c = a,d-^ c»b -\-m.n — hd* 
Add now to both members of this equation the trinomial 
bd — c6 — ad, we will have 

a.c-j- b,d — c,b — a.d = m . n, 
but w is (a — h)y and n is (c — d); hence, from the last 
equation (a — h)(c — d) = (ic — ch — ad-^bd. 
Exactly as we have obtained, following the rule : like signs 
give a positive, and unlike signs a negative product. 
Remark on com- 1° *'^® preceding demonstration we have men- 
monftoton. tioued and even separated the common /actor 
from some terms. When a polynomial is multfplied by a 
monomial, this multiplier afiects all the terms of the product 
likewise, and for this reason the multiplier is called common 
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factor. And, vice versa, when the terms of a given poly- 
nomial arc affected by the same factor, the polynomial can be 
considered as the product of another polynomial by that factor, 
and may be decomposed accordingly. For instance, from 

we infer P = a(m* -f- »<^ + ^«)* 

Nay, this decomposition can be performed with regard to a 
certain number only of terms, and when some of the terms 
of a polynomial are affected by one common factor, and some 
by another; partial decompositions can be evidently made: &r 
example, from P = nia'b — nqd -}-ml-{- nrSf 

we will have P = m(a*6 + + **(^* — 2^ 
E«»pi««f /i^ I Multiply A = a« + 2a& + i« 

molUpIicatton. V. V | ^^ B = a« — 2a6 + 6«. 

Write first the partial products of A by each of the terms 
of B ; take then their sum, or the product of P, as follows : 

A . B =:= (a« + 2ah +.b^X a' — 2ab + 6«) 

1st partial product. . . a* -j- 2a'6 + <**^* 

2d partial product. . . — 2a»5 — 4a"5» — 2al^. 

3d partial product... a*l^ + 2a&* + ^*' 



(20 



(I.) P= a* — 2a«i»» +h\ 

( Multiply A = 0^1^+ 3a«i» + Bab* + b^ 
\ by B = a6« — 4a>6 + 2a«. 



( Multiply A = 3a- ./y+ Sw^?:^— '^ 
( by B=y/r--^< 



ca* 



/A\ i Multiply together 

^ '^ I (a^b), (b — c), (c — d), (d^e). 



(5.) 
(6.) 



( Multiply A = a» + 2ab + b^ 
4 by B = a — i. 

f Multiply A = a -f- ft 
t by B = a — 6 



(1.) { 
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Answers : 

(2.) P = 2a«6» + 2a*ft«— 5a*&» — 7a«6* ^ a«t« + ah''. 

(3.) P = 3a«6-6^'t?/(^-+4^. 

(4.) P = a5c<^ — h^d-^ad'd + 6c»<^— aW"+ 6^+ ac<? 
— 6ccP — ahce -{- h^ce -}- ac*c — 6c*c -j- 06(^6 — h^de — acde 

Or else, P = a [6<^c — c) + c?c(6 — c)]'+ 6»[c(c — (Q 
_|_ d(d^ c)] + c«[a(e — rf) — 6(rf — c)] + 4a(crf— W) 

(5.) P = a» + o»6 — a6« — ft». (6.) P=a»— 5». 

The following examples deserve to be noticed on account of their 
frequent and useful applications. 

Multiply A = 1 + 2 + 2«4. 28+ . . . + «» 
byB = l — 2. 

r Multiply A -.a+V=^ 
\ byB = fl — Ay/:^. 

|Mul'tiplyA««+V~f 
J byBas A + *^/=l. 

jMultiply A rs a — 6^/CrT 

1 byBasA — *^=1. 

Obserre, that the exponent n of the last term of A, in the first of 
these examples, is a whole number, contiuning one unity less than the 
number of terms of the tame polynomial. 

Answers : 

(1.) P = l— «-+». (2.) V^a^ + b*. 

(8.) P = flA — 6* + (a* + 6A)v/=n[. 

(4.) P =r aA — iA — (aAr + bk)^:=rji. 

We may remark, with regard to the second of these products, that 
in changing the factors a into A, and b into A, we would have had 

P = A« + A«. 

Sin gular pro- { 64. We can demonstrate now a singular property of 
bm. numbers, which is contained in the following theorem : 

If two numbers M and N are such, that each one of them may bo 
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resolved into two square nnmbers, that is, M sbb a*^- ^*> N as A*-(-il;*, 
the product M . N of the same number maj likewise be resoWed into 
two square numbers. 

From the last example (2) and its equivalent we have 

= [(a+ b^^ri) (A + *^:31)] [(a- 6 v^31) 

Again, from the last examples (3) and (4), we have 

(a+ 6^/z:i)(A 4- ifc^=l) es (oA— 6*) + (flA+ iA)^/=l 
(a — 4^:iri)(A — ky/^^) » (aA — 6*) — (ak+ bk)^^^. 

Therefore, (a* + b*) (A« +*»)== [(aA — bk) + {ok + bh)^/=^1 

l(ah — bk) — (a* + bKj;/—!}, 

But we have seen in the preceding number that the product of 
the sum by the difference of any two quantities, is equal to the 
difference of the squares of the same quantities ; hence, the product, 
or second member of the last equation, is 

(aA — bk)* — . ( (a* + 6Jfc)^=l)2 ; 

tiiat is, (a2+ 62)(A*+ *•) = (aA — 6A)«— ((a* + 6A)v'=l)« 

But ( {ak + bh)y/^-l)* r= (ak + 6A)« . v'^^l)' a= — (aft + bh)* , 
hence, (a^+ 6«)(A« + ft*) =s (aA — 6ft)* + (aft + bh)\ 

That is to say, the product of two numbers M as (a* + b*), N 
=ss (A* + ft"), is equal to the sum of two square numbers. 

For example, take M s= 40 and N s: 68, we will have 

M=(6*+2-), N=(7*+8*,) 

and consequently, M . N, or 

40 . 58 == (6 . 7 — 2 . 8)* + (6 . 8 + 2 . 7)* 

= 36*+ 32* 

=s 1296 + 1024 = 2820. 

§65. Division. — To divide a polynomial A by another 
polynomial 6, is to find a polynomial, or even monomial ex- 
pression Q, the quotientj which, multiplied by the divisor B^ 
gives for product the dividend A. 

PoijQomitig To obtain the quotient, it is expedient to 
"tanged. arrange both dividend and divisor^ according to 
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the powers of the same letter; that is, writmg, in the first 
place, tlie term in which the power of the letter is the highest, 
then the term where the power of the same letter is the 
highest of the remaining, and so on. This is the arrangement 
usually made, although it would be equally profitable to 
arrange the terms in the inverted order, oommencing, namely, 
with the lowest power and increasing in order to the highest. 
Thus, for example, the polynomials 

A = a» -f 2ah '+ 6*, 

B = 2a» + 2a'h + ah^ + &», 

are both arranged according to the decreasing powers of a, and 
according to the increasing powers of h. 

When the polynomials arc thus arranged, the operation of 

division is easily performed. But to see better on what priu- 

Operation ®^P^® *^^ operation rests, let us multiply together 

explained, ^jj^ ^^^ preceding polynomials arranged A and B| 

marking each partial product, we will have 

p' 2a»+4a*6+2a='i»», 

p" 2a^6+4a«6»+2a'ft», 

p'" a«*«+2a«ii'-f-a«»*, 

p»'.... a^^2ah*-\-¥ 

Let us now ob.<«erve, first, that the product which results, is 
arranged according to the powers of the letters of the factors, 
and it is not difficult to see that it cannot be otherwise. 
Secondly, the first and the last term of the same product are 
merely produced by the multiplication of the first terms of the 
factors, and by the multiplication of the last terms. Henoe, 
dividing the first term of the product by the first term of one 
of the factors, the quotient must be the first term of the other 
fiictor. Hence also, generally, when both dividend and divisor 
are arranged according to the powers of the same letter^ the 
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first term of the quotient is obtained by diyiding the first 
teriQ of the dividend by the first of the divisor. 

Now, after having obtained the first term of the quotient, 
we can have also the partial product p' of the divisor bj the 
quotient. For example, in the case before us dividing P bj 
the polynomial A, we will obtain the first term of the quo- 
tient, that 13, 2c^y by dividing the first term of P by the first 
of A. Now, multiplying A by 2a*, we obtain j>', which sub- 
tracted from P, gives for remainder a polynomial P=j>" 
-\-p"' +!>''; that is to say, the product of the same A by the 
remaining terms of tbe quotient. Repeating the operation 
with the divisor A and the dividend P, we will obtain the 
next term of the quotient, which in our case i& 2a*b, trnd, 
in consequence, the second partial product p", and so on. 

Hence, the rule, 

To divide a polynomial M hy another poly- 

nomial N, arrange, firsts both according to the 

powers of the same letter. Then divide the first term of the 

dividend by the first of the divisor, and mark the quotient, 

JHultiply then by this term the divisor N, and subtract the 

product from M, and taking the remainder for dividend, 

repeat the same operation until the end. 

Divisor. Dividend. Quotient. 

Bxample.. h + k) h'» + hk ^hz -^ kz (h -^X 

1st product h^ -{- hk 

1st remainder. ... — hz — kz 

2d product — hz — kz 

2d remainder.... 

Tbe product may be taken with changed signs, and so the 
remainders may be obtained by simple addition. 

When the dividend contains many terms, it is not necessary 
to write each time all those which belong to the remainder, 
but it is enough to write as many terms as then^ are in the 
divisor, as in the following example : 
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la lAe manner, diride 



(1.) - by 



C^O 



(3.) 



(*•) 



r A = a» — 7a«i — 12<rt»+a«*»— 13«i«4-66» 
t B = a» — 4a* — 2ai» + S*». 

1 BL;,- + a:jr+jr*- 
AnBwers : 

(1.) Q = i^ — 2a6 + 6«. 

(2.) Q = l^^hk + k^. 

(3.) Q = a« — 3a6 + 26». 

(4.) Q==a- — xy + y». 

Remaik coo- ^® arrangement of polynomials according to 
^Jl^^^^ the powers of the same letter, is not an indis- 
poijnomiait. pensablc requisite to obtain the quotient. This 
can be also obtained without such an arrangement. Nay, this 
must necessarily be done when the polynomials cannot be 
arranged. Such is, however, the nature of the process, that 
the same quotient will be obtained with different arrange- 
ments, although the disposition, the form of the terms, and 
their signs may appear different in the quotient for different 
arrangements. 

For example, dividing the same polynomial A, differently 
arranged, as follows : A = a* -j- 2ab + ^ 

= 2ah + a» + b' 
by B = a + 6. 

With the first arrrangement, we have 

Q = a + 6. 
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With the second, Q = 2i-(- a — 6 

= a-f" ^« 

So likewise, let the divideDd be 

A = 2ahl -f- fnnl -]-ql-\- 2abr -{- mnr -f- jr -j- 2a5« + »»w*+ 91'* 
And differently arranged| 

A = mnr-\- qr-\- 2abr -\- mns + <?« + 2«^« + w*»Z + 2^ + 2ahL 
Divide it by B = l-\-r-{-s. 

With the first arrangement, we will find 

Q = 2ah -\- mn -\- q. 
With the second, 

^ mnr qr 2ahr mns q$ 2ahs 

^ = —+i + ~r + ~r + i + ~T . 

-f- mn + i? + 2a6 
mnr mns qr qs 2abr 2abM 

i i 1 "'1 i r' 

which is manifestly eqaal to 

2ah -|- mn -\- q, 
as for the first arrangement. 

In order, however, to diminish useless labor, it is always 
expedient to arrange as much as possible the given poly- 
nomials. So, for example, the following dividend and divisor, 

A = abed -\- cdm -f- mn -f- abmn + W» -|- 3a"ft -f" ^oh''^ 
B = m -j- abj 
may be arranged in this manner : 

A = 3a*5 -f- ahcd -j- abmn -f- 3aftm -j- cdff^ -f- wi*» -\- mn 
B = ab -\- m. 

And we will find 

tnjh 

Q = Sab -\- cd ■4' mn 4 =— ; . 

ab -{- m 

The dividend § ^^' ^° ^^^^ ^^^ example, after having found 
^bto*1^^tt!^ the first three terms of the quotient, the remain- 
divisor. jgj, ^^ |jg divided is mn, which cannot be divided 

by B ; we add, therefore, as the last term of the quotient, a 

8 




OZr^. r". r"'..-.tbeis^«^9Ki»i.ih»4Bi4 tos, &e. of tbe 
cftcftistii W £L^£3;p A W BL Mi «a:i r^. r^^ f''', ... the 

K' =A — fB — f'TIss A— f+f'B 

K"=s A— rTI— rni— r"'B = A— ,y+l"+ 1'^')^ *«- 

Amd r* = A— B. :'+,-"+«'" + + f*)- 

Svffnee wyv, that after havii^ c^taised tka a*^ tcni af the quotient, 
ve step the opcratkaL IW potrwjwal 

r' + K' + I'" + + ' "*. 

icpreseats the qaoticni, and r^ the la^^ rcBaindcr. Xow, firom the 
preceding equatioo, we infer 

A = B;r+ f"+ f" + . . . + 1^') + r • . 

But the quotient of A diridcd br B, must be such a qnantitj, i^ch, 
if mnltipficd bj B ought to give A, 4V, which is the same, B{t^+ t" 
+ /^'''' + ... + r"';+r<%bot this product is evidently obtained by 

mnltipl jing (f ' + t'' + fW +. . . + £<•)) + !^* 

bj B. Therefore, 

These remarks, as we haye observed, are applicable alike to all 
cascfi« whaterer might be the form of the dividend and of the divisor, 
and even of the terms of the quotient. 

It may occur that some, and even aH the terms of the quotient hare 
a fractional form. Dividing, for example, 

A = «+a«+fl3 by B = 6+fl*, 
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we will find Q= r+7- — t- + 



b^ b b ^ b+ab' 
Numtwr of J 67. In this example, fhe remainder zero cannot be 
q^otilraltindefi- ^<>^™<^> ^^'^ consequently, continuing the operation, the 
)>ite. number of the terms of the quotient becomes indefinite. 

And in cases similar to this we may add the remainder, with the 
divisor for denominator, either after the first, the second, the third 
term, &c. of the quotient. Let us see another example : 
Diyisor. Diyidend. Quotient. 



/A* ** ** 



** 

*■-*- 




A* 
A 




. A* AS 
+ A +A« 




^A« 




A5 
A* 


A8 

"A» 



""A3- 

Suppose now the operation to be interrupted after the first, after 
'liie second, and after the third term of the quotient, &c., we will 
haye the following equiyalent eqt^ations 

A» _^ _A ^ A3 A 

A+A "" A ~" h+k ■" A "" A+A • A* 

A3_F__A^,A« A* 



A + A~A A' ^ A + A 'A'' 
A3 _^_*!i*?_ ^ *• 



A + A^'A A2^A» A + A*A3' 
and generally, 

A3 • Ifi *^ , *! A-+« A8 ^ 

Wa+A^* A ""A*"*" A3 "■•••=*=. A" ^^A+A'A''- 

From the simple inppection of the order in which the signs of the 
preceding equations fellow one another, and from the uniformity of the 
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process to obtain any number of terms for the quotient, it is plain 
that the upper of the two signs placed before the last terms (a) is to 
be used when n is an uneyen number, and the other when n is eyen. 

With regard to the formula (a), three different cases can happen. 
That is, we may haye kssa k, or h^k^ or h'^kz 

in the first case, r sa 1 ; 

in the second, ^ ^ 1 ; 

in the third, A "^ ^* 

' In the last of these cases, by increasing indefinitely the number of 

the terms, and consequently, n in the formula (a), the factor -^ of the 

last term will more and more approach to zero, and consequently 
likewise the whole term 

But if, by increasing the number of the terms in (a), the last of them 
constantly approaches to zero, we may say that the pol^omial 

F k^,f^ A-»+» 

A A2 + A3 • • • A« ' 

which contains all the terms of (a) with the exception of the last, is 
such that by increasing the number of its terms it constantly ap- 
proaches to the determined yalue of the first number of (a), namely, to 

h + k""^'>' 
We call this fractional expression («), to designate that it is equal to 
the sum of all the terms 

{a) ^ , _ ^^, ^^ _ ^^, ^g, . . 

of the series indefinitely protracted ; that is, 

• ^"^ ^ h + k — h A«+S 

The term (r) here omitted is called residual term, or residuum, alter 

the n^ term. 

k 
In the other two cases of - sr 1 or []> I, this residuunt cannot be 

k it* 

omitted, because when r = !» (r) is constancy equal to it ^ 
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k 
and when t ]> 1) the yalue of (r) constantly increases by adding 

units to n. 

From the formula (a), dividing first both members by k^, and making 
then A = 1, we deduce the two following useful equations : 



(«///) 



— I lar la • • • 



h+k'^ k A»^A? *• '*' h + k' h* 

1 *^ 



The remarks made with regard to the general formula (a) are 

evidently applicable to the last two, and their residuums can be 

k 
omitted whenever r <^ 1* ^^^h regard to the second of (a^^^)t the 

k 
fi*action r cannot be <^ 1, unless k itself is <^ 1 ; that is, unless k 

be a fraction ; because, since in that formula A a=s 1, the expression 

T is nothing else but k. Supposing, therefore, it to be a fraction, we 

will have lil =* 1 — *+A*~-A^+ 

an indefinite series. 
The quotient | 68. When the imaginary expression a 4- h^/ — 1 

JL *^nre^n« ^^ divided by another imaginaiy expression c + ty/ — 1, 

dirided by one the quotient Qr fraction 
another. 

c + e^/— 1 

remains unaltered when its numerator and denominator ai^ multiplied 
by the same expression ; for example, by c — e^ — 1. Effecting this 
multiplication, the numerator (68) becomes 

flc + 6« 4" (eb — 'a«)y/ — 1 ; 

and the denominator, c*-f ^, 

and, consequently, 

Galling A the real quantity , T ., and B the coefficient ,7^ -, 
likewise real, of ^ — 1, the same quotient will be represented by 

A+B^^=nt. 

8* 
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Thai is to mj, tke ^moiimi, a* las tkmm tke froduet of two imagmanf 

opnatiomM 0/ tke form m-\- h^ — 1, w mmoiker tma^mary apreasion of 
tkg samefarmu 



ARTICLE m. 
IbrmaHon of Pbyctrt and £jUractum of RooU, 

§ 69. Powers. — There is no difference between the ibnna- 
tioQ of powen of monomkls and that of pdjnomials^ since 
the same operation^ which in the fonner case is to be made 
aboat a monomial root, is to be made about a polynomial 
in the second. All, therefore, that concerns this operation 
with regard to monomials (Chap. I. 39) is to be applied 
to the case of polynomials. Hence, when the positiye ex- 
ponent m is a whole nnmber, the operation to be performed 
to obtain the power of a given polynomial, or root A, is to 
ninltiply that same root by itself, as many times as there are 
units in m. Let ns take^ for example, the most simple case. 
That is, let the given root be the binomial 1 -f-' h ^^^ ^^ ^^ 
take in succession for exponent iii==2, m =3, &c., we will have 

(a) J (l+*)*=(l+*ni+^) = l+3*+3«'+ ^ 

\ (14-*)* = (l+^Xl+a) = l+4a;-|-6*»+4^+«*, 

I &c. 

Observe now, that 

4(4-lX4-2)(4-3) 
+ 27374 ^- 



OPEBAnOBrS OH POXiTNOMIALS. 91 

Therefore, 



From the aniformitj observable in these eyolations of the 
binomial l-{-z, yre oonld infer by analogy a general law, ex- 
tending alike to all positive and whole powers, so that the m^ 
power of (1 -j- z) would be given by the formula • 

r f^ ^1 . N« 1 . , »»*(^ — 1) a . w^Cwt — l)Cfn — 2) . 
(«') • . . (!+«)" = l+fnz+ -^ — ^^+ -^^ ^ :^«- 

m(m — IX*** — 2)(m — 3) 
+ 2.3.4 ^+-"^ 

oontaining (m -\- 1) terms in the evolution, because, were they 
m -|- 2, the last of them would have among its factors 
(m — m), which renders the whole term equal to zero. The 
same factor (m — m) would be found also in all the follow- ' 

ing terms. Therefore, the said evolution of (1 -\- z)^ cannot 
contain more than m-\-l terms, and consequently, three terms * ^ 
when m=2, and four when m = 3, &c,, as we have seen in'^,- » \ 
the preceding examples. ' ,". *^: ' 

It is moreover plain, that in the same evolution of (1 + a?)*, ' > ;t* ; J 






the highest and last exponent of z is equal to m. 

fo?mSa.'*^'* Let us now make «=^, and, substituting this i^? 

value in (a'), we will have 

(1+?)"=. i+^y+'^K!?^ g+ K'»-;i)(»^2) g^ . . . 

\ ^x) ' o; ' 2 ic^ ' 2.3 a^ ' 

but (1+-) = ' m ) niultiplying then both members of 

V 00/ oc 
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th« equation by af> , we will find 

The form and the order in which the terms of the binomial 
(x -\- f/y^ evolved, succeed one another, was first discovered 
by Sir Isaac Newton ; hence, this formula (e) bears the name 
of its discoverer. 

By mere induction, however, the correctness of the evolu- 
tion is not demonstrated. A rigorous demonstration of it may 
be seen in the following number. Let us now observe, first, 
that the formula 

... m(m — IVm — 2) (m — (p — 1) . , . 

General term, (e') . . . — ^^ ^^ ^ ^ . ^^ ^ -oT -y, 

^ I.2.O.4. , ,p 

represents the (^ -|- 1)"* term of («). Substituting, in fact, 
1^ 2, 3, 4, &c. instead of p, we will find the second, the third, 
the fourth term, &c. .of the evolution. Hence (e^) is called 
the general term of the series. 

' , m(m — 1) . » . m(m — l)(m — 2) . , . 

ww;"* ■" V> -^^-2 — -^ y% — — :2^ -^x— V 

Secondly, substituting 2 and 3, instead of m, in the formula 

(c), we have 

(a; + y)« = x« + 2xy +^ 

Just as we would obtain from the first and second (a), substi- 

Sqnare and ... X . i - * tt t 

cube of any tutins" in them - instead of z. Hence, the square 

binomial. 2f ' x 

of a binomial is given by the square of the first termy the 
double product of the first by the second' term, and the square 
of the Second term. 

The cube of a binomial contains the cube of the first term; 
the triple product of the square of the first bif the simple 



1 
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iecond term, the triple product of the iimpie Jtrat term hy 

the square of the second, and finallyy the cube of the second 

term. 

Binomiiil the- J 70. Let US now resume the formula (a'). We say 
Btratod. that when m is a whole and positiye number, the otoIu- 

tion of (I -|- z)"* is exactly represented by the second member of (a^). 
Obserre, first, that (a^) x (1 +^) o' 

(1 +mz+ *"<*"- ^) (,*+ . . .) (1 + 2) 
And, adding together the similar terms, 

(oo+(i+*) - 1+ («+i)2+ (^«+ 1 W+ (^^4^+ 1) 

m(f» — 1) 



2 



'z»+ . . . 



That is to say, [a') -|- (1 -f- 2) is equal to a polynomial which contains 
m-\'2 terms, one term more than those of (a^), and this is easily 
proved in the same manner as we have demonstrated that the number 
of terms in {a') do not exceed (m4- !)• 

Now, substituting m -|- 1 instead of m la (a^), we haye 

that is, the product of {a') by (1 4- ^)' Therefore, whatever be the 
whole and positive number m, the product of (a^) by (1 + z) is 
obtain^ by changing in (a^) m into m -|- 1. We may now proceed to 
demonstrate the theorem as follows : 

If the polynomial {a') is the exact evolution, for example, of the 
third power of 1 -|- 2 when m si 8, it will be also the evolution of tho 
fourth power of the same binomial, making m as 4 ; but if (a^) is the 
exact evolution of the fourth power of 1 -]- sr when )h «■ 4, it must 
be also the evolution of the fifth power ^f 1 4* ^) making m ca 6, and 
so OB. Therefore, whatever be the number of units in m above S, 
provided with mass 8, tiie polynomial (a^) give^ the evolution of 



i' *i 



^^ 
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(1 -f- ^)' it will give the eyolution also of (1 + a)"*, so that this power 
in our supposition is exactly represented by the polynomial (a^). 
But, indeed, (a^) is the eyolution of (1 + «)•, (1 + 2)3, when we make 
m = 2, m = 8, which may be easily verified, comparing (a^) with the 
formulas (a). Therefore, when m is any whole and positive number, 
the evolution of (1 + 2)"* is given by the polynomial (a^). And since 

we have seen, that making in (a') « s= -, the same (a^) is changed 

into the Newtonian formula («) ; the evolution, therefore, of the binomial 
(^+ y)"*j according to the known law, is also rigorously demonstrated, 
whatever may be the whole and positive value of »i. 

Singuinrpro- J 71. The Coefficients of the formula («) have the 
efficient/o?tS lingular property of representing the numbers of com- 
fjrtuui:« («). binations of m different quantities. Hence, before we 
speak of the extraction of roots, we will dwell here upon this subject, 
as well as upon the use of the preceding formulas, in order to find out 
some numerical properties. 

Pennutationg. ^®* a, b, c, d, represent m different symbols. 

The first a taken in succession with each one of the 
following b, Cf rf, . . . will give us (w — 1) binaries aby aCy ad, . , . , 
But, joining in equal manner the second symbol 5 with all the others, 
we will have again (m — 1) binaries; and let the same be said of the 
third, fourth, and so on. In this manner we will have a joined to b, 
and again b joined to a, a joined to c, and also c to a, &c. ; for this 
reason this arrangement of symbols is termed permutation. But for 
each symbol the number of permutations of the letters taken two and 
two is m — 1, and the symbols are m in number; therefore, the whole 
A' number of permutations of m letters taken two and two is 

m{m — 1). 
Again, the binary ab joined in succession with each one of the remain- 
ing symbols, will give us m — 2 ternaries ; and the same we must say 
of all the other binaries. Now the number of permutations of m 
symbols taken two and two is w(m — 1) ; therefore, the number of 
permutations of m symbols taken three and three, is 

.m[m — l)(w» — 2). 
It is now easy to see, that the number of pennutations of m symbols 

taken four and four, is 

^(m — l)(m — 2)(«» — 3), 

and generally, the number of permutations of m symbols taken p and 

^,18 fn{m — l)(«i — 2) . . . . (m — {p — 1)). 



• .♦ 
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But if to the preceding binaries, ternaries, &e., we would add all 
those which come out from the repetition of the same symbols — ^for 
example, aa, bb^ . . . , aaa, aab, . . . 66c, ... to th^ number m(m — 1) 
of the terms taken two and two — we must then add m more binaries ; 
and since m(m — 1) -\~mssx m^, 

the number of permutations of m terms taken two and two, with the 
repetition of the same symbol, is * 

We would -find in a' similar manner, that nfi giyes the number of permu 
tations with the repetition of the same symbols of the m terma taken 
three and three. But let us inyestigate the subject^ assuming it in a 
more general point of yiew. 

Permatations i '^^- Suppose m letters to be taken j? — 1, and/i — 1, 
with repetitions, j^ ^ possible manners, without excluding the repeti- 
tion of the same terms. 

To obtain the same m symbols taken p and p, it is enough to add 
in succession the m terms to each of the collections of the same terms 
taken p — 1 and p — 1, and make the addition in the last place. 

To demonstrate this proposition, let / be one of the m symbols. 
Among the terms taken (p — 1) and {p — 1), there must be some 
collections in which / does not enter at aU, others in which / enters 
only once, others in which it enters twice, &c. The same must be 
with regard to the symbols taken p and p\ but all those collections of 
terms taken p and p, and excluding /, must certainly terminate with 
any symbol except /. To obtain, therefore, all the collections of 
terms taken p and p, with the exclusion of /, it is enough to add in 
succession to each one of those collections, taken /i — 1 and/i — 1, and 
which exclude /, all tiie m symbols except /; but adding to the same 
collections also /, we will obtain all those taken p and p, containing 
/ once, and in the last place. 

After the collections of symbols taken ^ — - 1 and^ — 1, and exclud- 
ing /, come those which contain/ only once, some of which must haye 
/for the first, some for the second, some for the third term, and so on. 
Now, adding to the end of each one of them the m terms, one after 
another with the exclusion of /, we will eyidently obtain all the possible 
collections of m terms taken ^ and p, and in which /enters only once, 
either in the first, second, or third place, and so on, except those 
which contain / in the last place ; but we haye seen how they are 
obtained in the first addition, and now if to the same terms take j? — 1 
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»nd p — 1^ and contaiiiing / only once, we add / once more for the 
last term, we will have those collections of terms taken p and p, in 
which /enters twice, with one of them, however, constantly at the end. 

If now to each collection of terms taken p — 1 and p — 1, and 
containing / twice, we add in succession all the tn terms with the ex- 
ception of /, these, together with the last mentioned, will give us all 
the collections of terms taken p and p in which / enters twice in all 
possible ways. It is now plain, that adding, likewise, to aU the re- 
maining collections of terms taken p — 1 and p — 1 all the m letters 
in succession, we will obtain all those taken p and p^ when / enters 
three, four, five times, &c., in all possible ways. But whatever is 
demonstrated with regard to the symbol / is evidently applicable to 
all the others. Hence, adding in succession the m terms to each 
collection of the same terms taken p — 1 and p — 1 with all kinds of 
permutations and repetitions, we inll obtain all the same permutations 
with the repetitions of the terms taken ^ and j>; and the number of the 
collections of the terms taken p and p is evidently m times as great 
as the number of collections of the terms taken p — 1 and p — 1. 

Let us now call N the number of collections of the m terms taken 
p — 1 and p — 1. The number of collections of the same terms taken 
p and p will be given by N . »i. 

But supposing p wes 8, and, consequentiy, p — 1 = 2; as we have 
seen in the preceding number N in this case is s= m2. Therefore, the 
number of permutations with repetitions of m terms taken three and 
three is m^.m^sx m?. 

But if the number of collections of m terms taken three and three is 
N ^ m^ it follows, likewise, that the number of collections of the 
same terms taken four and four must be m^ . «n ss m\ and so on ; 
and consequently, we generally infer that the number of permutations, 
with repetitions of m terms taken p and p, is 

N n mP, 
How the aaoM J 78. We are now able to infer again the general 
ge^iS formulas formula of simple permutations. Suppose the permu- 

of permutations Nations of m symbols taken »— -1 and » — 1. Each 
without repeti- "^ ^ -^ 

tioca symbol enters only once In these collections, and the 

symbol /, for example, in some of them will be the first, in others the 
second, in othera the third, and so on, till the last. To all these / 
cannot be added to obtun the permutations of symbols taken p and/>; 
but adding other symbols we will obtain the terms taken p and p oon« 
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taiidng / in the first, second, and third place, and so on till the 
last, exclnsiyely. Hence, to all the other permutations of terms 
taken p — 1 and p — 1, and excluding /, this symbol cannot be added 
except at the end. The same thing ought to be said of any other 
symbol : if the symbol is already in the permutation containing p — 1 
terms, it is not to be added ; if it is not in it, it must be added only 
at the end. 

Now each permutation contains by supposition p-^l symbols. 
The number, therefore, of symbols to be successiyely added at the 
end of each one of them is m — (p — 1), 

and so we will obtain all Uie permutations of terms taken p and p. 
So that, calling t the number of permutations of m terms taken p — 1 
and p — 1, for the number of simple permutations of the same m 
terms taken /^.and p, we will haye 

,[„,_(,_!)]. 

Let us take for example /> ^ 8, and, consequently, p — 1 rs 2. In 
this case we haye seen (71), that r s= m{m — 1) ; therefore, the num- 
ber of simple permutations of m symbols taken three and three is 

m(i»— .l)(iii — 2). 

And if the number y of permutations of m symbols taken three and 
three is m(jn — l)('n — 2), that of the same symbols taken four and 
four is m{m — l)(m — 2)(wi — 8), 

and so on. And generally, the number of permutations of m terms 
taken p and ^, is that already found (71), with another process — 

m(m — l)(»i — 2) .... (m — (p — 1)). 

Taking /? = m, we will have the number of permuta- 
tions which may be obtained by the collection of all the m 
symbols. But observe, that in this case the last factor (m — [p — 1)^ 
of the general formula becomes (m — m^-l)^ 1» ftud, consequently, 
the factor before the last is 2, and t^e preceding one 8, &c. Hence, 
the number of simple permutations which can be formed with all the 
m symbols is m(m — l)(m — 2) .... 8 . 2 . 1. 

This same formula gives us, besides, the number of permutations 

which can bo obtained from the same two, the same three, and the 

same p letters. So that, if we wish to know, for example, how many 

permutations are made by the first five of the m symbols taken five 

and five, it is enough to substitute 5 instead of m in the preceding 

fotinula. Calling now, r^ y^ v, , the number of permutations 

9 



1 
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formed with anj two and the same symbols,* with any three .... with 
any p, we will have 

y. =s 2 . 1 » 2 

f^ ss 8.2.1 • ^B 2.8 

ifp =s j>(p — 1)....2.1 s=2.3....(^ — l)p. 

It is now easy for us to determine the simple combinations of m given 

symbols. 

§ 74. In the simple combinations we exclude all the 

m na one. ^Qjigg^jQng ^f tonus in which at least one symbol is not 
different from the symbols of another collection. For example, the 
symbols a and b can be combined with c, dy . . . but after having taken 
abCf abd, we exclude all the permutations which can be formed with 
the same terms a, 6, c, or a, b, d. 

Call now n^ the number of simple combinations of terms taken 
three and three. From that which we have just observed, and from 
the preceding formula y„ it follows first, that the number of permuta- 
tions of any three and the same symbols is 2 . 8, and, consequentiy, 

n,+ (2 . 8) 
is the number of permutations of all the m terms taken three and 
three. But this same number is expressed also by m{m — 1)(m — 2) ; 
therefore, n, -f- (2 • 3) =s wi(m — l)(m — 2), 

, , m(m — l)(m — 2) 
and, consequently, w, =s — ^^— — ^^ --. 

In equal manner, . calling n, the number of combinations made with 
m symbols taken j» and j>, and multipyling n, by r, we will obtain the 
number of corresponding permutations n, + (2 • ^ • • • p)y l>ut the same 
number is also given by 7»(m — 1) . . . . (m — (jt? — ^ 1)) ; therefore, 

»p-(~ (2« 3 . . . .j» =s w(m — 1) ,. . {m — (/> — 1)), 

and, consequently. 

m(m — !)(«» — 2) . . . (f» — [p — 1)) 
^'^ ~ 2.8.4 p * 

Now, this is the general formula of the coefficients of (e), and making 
in it j9 &=s 2, =s.3, =4, =, &c., we obtain the coefficients of the third, 
of the fourth term, and so on, of the same evolution. But at the 
same time, making j? ass 2, =s 3, =, &c., we have the numbers of com- 
binations of m terms taken two and two, three and three, and so on ; 
therefore, the coefficient of the third term of the evolution of the 
binomial («+y)"* gives the number of combinations of m symbols 



1 
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taken two and two, th6 coefficient of the fourth term giyes the nnmber 

of combinations of m terms taken three and three, and bo on. 

On Bome pro- J 76. Let ns now make use of the formula (e) to find 
perty of Hum- 
Ws. a certain property of numbers. 

The formula (e) may be changed indefinitely by giyiog different 

yalues to y, to z, and to m. Let us take instead of the exponent m, 

the number k prime in itself and make z =ss A and y s= 1 ; the eyolu- 

taon (e) will become 

■*" 2.8.4...(A — 1)~'*'T" *' 
and consequently, 

(A+l)»— A» — 1 =:kf^-^+ *^^^^V -«+ 

"*" 2.8...(it— 1) 
We may now pass to demonstrate the following theorem : 
-- jy the whole number N U not exactly divisible by the 

prime number k, thia number k wU certainly exactly divide 
N<*-») — 1. 

All the terms of the second member of the last equation contain 
the factor k ; the whole member, therefore, is exactly diyisible by *, 
and, consequently, also the first member (A-|-l)* — ** — 1 ii^ which 
h may haye any numerical yalue. Make, therefore, successiyely 
A s=s 1, SB 2, S3 8, &c., the trinomial will become successiyely 
2»—l — 1, 8» — 2»— 1, 4»--8» — 1, &c., 

and always exactly diyisible by A, and, consequently, the sum of the 
first two, or three, or four, and so on, will also be diyisible by A. 
Now, the first of these trinomials is equiyalent to 

2»— 2; 

and consequently the sum of the two first is 

8»— 8, 
and the sum of the three first 

4»-4, . 
and so on« So that N being any whole number, the binomial 

N» — N 
is exactly diyisible by A. But 

N»-^N = N(N»-> — 1). 
Hence, whateyer be the whole number N, the product N(N*-» — 1) it 
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always exiMstlj divisible by the prime number k. Consequently if k 

does not exactly divide N, it must necessarily (53) divide N^—^ — 1. 

Evolution of { 76. Wo had (67) the following equation : 
the binomial 1 

when the expo- —- — = 1 — 2 -\- 2^ — s^-\- Z* — .... 

nent la neg»- ^ ~T~ ^ 

tive. where z must have a fractional numerical value, that is, 

less than unity. 

But change in (a^) (69) m into — ^^1, we will have 

(1 + Z)~1«: 1 — 2+22— 28 + 24...... 

1 

with the second member indefinite. Now, (1 + z)— i := .. . and 

is really equal to the indefinite series, provided the . numerical 

value of 2 be a fraction ; the formula (a^), therefore, besides the evo- 
lution of the binomial 1 + 2 raised to any whole and positive power 
m, gives also the indefiaite series equivalent to (1 + 2)~ *, changing m 
into. — 1, with the condition, however, that the numerical value of z 
be less than unity. 

Nay, more, the numerical value of z being such, changing in the 
formula (a^) the sign to m, it will give us an indefinite series, and 
equivalent to any whole and negative power of (1 + 2). Because, from 

(1 + 2)- » = 1—2 + 22 — 28 + ;^-— 25 +....• 
we have, also 

(l + 2)-"»s=S (l—2+2« — 23+24 — 25+. ..)"». 

Gall S, for the sake of brevity, all the terms of the indefinite series, 
with the exception of the first, the preceding formula will become. 

(l + 2)-'»= (1 + S)«». 

Now, 

(1 + S)" = 1 + mS + "^(!!^S«+ "'(«'-^K^-^) s,+ . . . 
And with 

S =— 2+22 — 23+... =-:. 2(1— 2+22— ...). 

we have, also 

S2^ 22(1— 2+^2- . . .)2 — 2»[1— 2(2— 22+ . . .)+ (2 — 2«+ . . .)«] 
g3 — —23(1—2+22— . . .)3 = — 23[1 — 3(2 — 22+ . . .)+ . .] • 

S* == 2^(1 — 2+22 — . .)4 ^ 24[1 — 4(2 — 2'+ . ..) + ...], &C. 

And, consequently, 

toS = — m2(l — 2 + 22 — z3 + . . .) 

in(m — 1)«„ >»(wi — 1) » ,^ ^ . ^- . . 

^ ^ ■ ^ S2 = -^ ^22(1— 22+8a^— 428+...) 
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«*('"-^)(^-2) s, = _ "'^"•-^y-'^W - 8. . . .), 4c. 

Or else, f»S = — ot2 -|- "*^ — *'^ + • • • 

mCm — l),n^ m(m — 1) . , -» . . 

-^ is* = -^-^ — iz«-^ «i(m — 1)2»+ . . . 

m(>i>-l)(in~-2) _ fii(CT~l)(iii~2) ^, 

2.3 °'^"~ 2.8 "^•' 

And therefore, 

1 + ^^ ■"("-ll s, 4. m(m-lKm-2) g._^_ 

TJiat is, (1 + S)» or its eqoiTalent 

(1 + r)-"» == 1 — mz+ -A^LJ.z2 ^ ^^ ;^ ^ V^ 

which is precisely the formula immediately obtained from (a^) tshang- 
ing m into — m. 

y 

Taking now 2 = - with z ]^y, this yalne may be substituted in the 
last formula, which will become 

/ « \-.m ,^ « . I ''»("H-1)-^ • 9 *•(*'« — l)(m— 2) „^. . , 
(^+y) "=2:"— »w"*~*yH — ^»^ ^ agw-y v _2^ -''a;"»-y+... 

which is the binomial formula extended to the case of the negatire 
exponent, in which, however, the first term x of the binomial must be 
greater than the second y. 

But 2 4" y = y + 3;, and, consequently, (z + y~"* = (y + a:)-"*). 
Arranging, therefore, the terms of the eyolution as above, and in such 
a manner that the greater of the given binomial be the first, the 
above formula is applicable to all cases vfithout exception. 

Th« extr^ §77. EXTRACTION .►OP RoOTS. — ^The m*^ FOOt 

of poiynomSs, of a polynomial P is' another polynomial R, which 

£e extractioD raised to the m power gives P. To find out the 

nomSis ^ ^^ ^^' R, is to extract the m** root of the polynomial 

9* 
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P, m is called index or degree, and the radical sign used is tbe 
same as for monomials (47). 

The process of the operation is tb be inferred from the 
opposite one of raising to powers, which may be done in two 
different ways, either examining the most general case, and 
thence deriving practical rules for particular and determined 
cases, or commencing with the simplest case. The first 
method is unquestionably superior to the other. But the 
second, beside being easier, affords us all that which may 
conveniently find a place in the present article. 

The root of '^^^ ^^ ^^ ^^^ ^^ ^^ observed, that the square or 
Sn?th« "J?ir c^^ical root, or more generally the m^ root of a 
DomiaL polynomial, must necessarily be . another poly- 

nomial 'j because a polynomial raised to any power preserves 
constantly a monomial form, and therefore^ in the equation 

& must be at least a binomial, for example, a -{-h} then P, 
which is the square of R, is equal to the product (a -(- h)(a -\- li) 
;= a* + 2ah -j- 6* ] that is, the square of the first term of R, 
plu« Uie double product of its two terms, plus the sqaate of 
ibe last tena. 

In this cuppositton, therefore, P must be a trinomial, and 
one of its temus is the square of the first term of K. Hence, 
taking the gqaare root of ihis term, we will have the first of 
R. The two remaining terms of P are the double product of 
the first by the second term of R, plus the square of the 
second. Now, dividing the double product by the double of 
the first term of R ali'eady obtained, we will evidently obtain 
die second and last terms of K This process will be better 
Hfiderstood with an example. 

Let the given polynomial be 

Example, ^ ^ ^^^ + ^ + 2»ir»g«. 

In order \o havie the square of one of the terms of R in the 
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lirst place, and the double product in the second, arrange the 

polynomial according to the powers of a letter. Thus, we 

will have 

P /R 

r»= o; 

for the square of the first term of P is mr^, and, consequently 
mt^ is the first term of K. Subtract now the square of mr* 
from P, the remainder r, contains the double product of mr^ 
by the other term of R to be found for the first term. Divide 
then this term by the double of mr^j which gives j* for quo- 
tient, the second term of K. Subtracting now from r^ the 
product of the second term just found by the double of the 
first, plus the product of the second term by itself, the second 
remainder r^^ must be equal to zero, if P is really the square 
of the binomial B, as it is in the present example. 

But the polynomial P, although a perfect square, will not 
always be the square of a binomial. Stilly whatever might 
be the number of terms in K, the process of the operation to 
derive R from P is always the same. 

The process ^^t, in fact, the root R be a polynomial composed of 
L%aS*toot*^f "-^y number n of terms a + 6+.. + z... We will have 

any polynomial then P == fa 4- ft 4- c 4* • • + a: •)* 
is always the v i i i i / 

same. * and V P ssRss fl4.6+c+ 

Calling now A^ the same polynomial B, with the exception of the first 
term, and A^ the Same polynomial with the exception of the two first 
terms, and so on ; and calling ^ the two first terms a-{'b, /, the first 
three a -f- ^ 4" ^» ^^d so on, besides 

B, = a+b + c+ 

we will have, also, R == a -^- A^ 

R = f,+ A, 

R sr fs+ Aj,, Ac. 
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And consequently since P =s R^, 

P = (<, + A.)' = (<. + AJ« =, (f. + AJ« == . . 

or, which is the same, P = a* + 2flA| + A^* 

=:<.2+2^.A,+ A,2 

M^ii* • • • ■ 

in which last member, f«_i represents all the terms of R, with the ex- 
ception of the last, and x the n^ or last term of R. Supposing, more- 
over, the whole number ^ to be any number between 2 and n — 1 
inclusively, the general expression equiyalent to P, will be 

P = r,H-2/,A,+ A,« {g\ 

and, consequently, ^/P sas. f, + kp. 

Now, ^p = <p-i + ^» <j»» namely, commencing with the first term of R, 
contains one term r more than fp_i, but from fp = ^_i + r, we have, 
also t^ = /;« !« + 2/;_ir + r«, 

which value, substituted in (^), gives 

P = ^,_i2 + 2^,.ir + r« + 2^,A, + A,*, 

but in {g) we may change at pleasure p into p — 1, in which case 

P = «p_i«+ 2^,^iA,_i+ A,_i«. 

Hence, taking the second member of this and of the preceding equa- 
tion, we will have another equation, as follows : 

^i»-i*+ 2<,_iA;^i + A,.i* = ^,_i*+ 2^^_ir-}- r*+ 2<,A,+ A,*, 

from which, taking fp_i^, which is in both members, we will have 

2<,>iA,_i-h A,_i* = 2^_tr-Hr*+ 2<,A,+ A/, 

in which it is to be observed that r is the first of the terms of A^_i. 

Substituting now in this formula, instead of ^, the numbers 2, 3, 
4, . . . n — 1 in succession, observe, that f, s= a, the first term, of R, 
and A„_i =r z, the last term of the same R, we will have : 

2aA, + A,* = 2a5 + 6« + \2UK + A,*] 
2^A+ ^ = 2^.c + c^ + [2<.A, + A.2] 
2^3+ A,« == 2^rf+ rf»+ [2a,+ A,«] 

&c. 
2/„_iz4-x* = 2/,_iz4-z*4-0. 

That is, the last binomial within the brackets of the first equation is 
the first member of the second equation ; the last binomial within the 
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brackets of the second equation is the first member of tlie third equa- 
tion, and so on. Making, therefore, a continual substitution, we will 

have 2aA, + A»2 = 2a6 + &« + (2/,c + c*) + (2/,rf+ d^) 

+ + (2/.-iX + x*). 

Now, P = a*+ 2aA,-f- Ai*; therefore, 

(/) P = (a2+2a6+i«) + (2(,c + c«)+(2<,rf4.rf«) 

-f- 4" (2^-1^+ *^)* 

Obserre, that in the supposition of the polynomial R arranged 
according to the powers of a letter, the two first terms of P must con- 
tain the two highest powers of the same letter. Again^ a being the 
first term of R, is also the first term of Z^, of t^ &c. Hence a enters 
as factor in all the following terms 2/,r, 2t^y .... and since, in the 
supposition of the polynomial R s= a'\' b-{- e-{- d -{• . . , arranged 
according to the powers of the same letter, this power diminishes 
gradually in c, in <^, &c. So, also, after the trinomial oS -|- 2ab -^ 6% 
the highest power of the letter is in the first term of the product 2f,c, 
and after the binomial (2/,c -{■• c*) the highest power of the same letter 
is to be found in the first term of the product 2/^, &c. 

. We may now proceed to give a general rule for the 
tor the extrao- extraction of the square root of any polynomial P. 
roota of poly- Arrange the polynomial according to the decreasing 
Hernials. powers of a letter. The square root of the first term of 

the polynomial thus arranged will be the first term a of R, then sub- 
tract a^ from P, and divide the second term of P and the first of the 
remainder r^ by the double of the term already obtained, namely, by 
2a ; the quotient will be the second term 6 of the root. Now multi- , 
plying b by the double of the first term and by itself, and subtracting it 
from r„ the remainder r^ will contain the terms [2t^c -f- c"] + . . . . in 
which t^, 's, . . . are again resolvable into other terms, as we have seen. 
Now divide the first term of this remainder r, by 2a, the quotient must 
be the third term c of the root ; multiplying now by e the doable of the 
two preceding terms, that is, 2/, and c itself, and subtracting this pro- 
duct from r^ the next remainder r, will contain the terms jjZt^-^- d*] 
-f- . . . . ; and following constantly the same process, wo will manifestly 
obtain all the terms of the root. The same rule can also be com- 
pendiously expreased as follows : 

Rnieforprao- ^«/^« the square root of the fimt term of the 
"^' arranged polynomial P, and subtract the same 
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fint term from P. To obtain the following terms, divide the 
first terms of all the remainders by the double of the first 
term of the root The first remainder is the given polynomial 
P, less its first term; the successive remainders are obtained, 
by subtracting from the preceding one the double product o^ ' 
the term of the root last obtained by all the preceding, plus 
the square of the same last term. 

JiCt the given polynomial be 
£»a,pieik j^ ^ ^eit _^_ 4a^i^ + ba*b* + 4:a*b^ + a'^b^, 
we will have R . 

a^b^ + 4a*i»« + 6a*5* + 4a»ir* + a^b^a^b + 2a»i« + abl^ 
— a^ 

r^ = 4a*«»» + 6a*b* + 4a»6* + o"6« 
— 4a*6'» — ^a*b* 

r, = 2a*b* + 4a»6* + a«6« 

__ 2a*b* — 4a»Z>« — a'b^ 

So, also, from the given polynomials, 

(1.) P == a^b* + 4a*i' + Qa*b^ + 4a»5 + 2a»£»w + a« 
-}- 4a*6m + 2am -|- m». 

(2.) P = xy + 2xV + 3xV + 2xY + a^^' 

(3.) P = 4a«6» — 12a86« + 13a«i* — 6ai* + b\ 

(4.) P = 49m* — 84w«;i» + 36/i*, 

we will find 

(1.) R = a»Z>» + 2a«i + o + m. 
(2.) B. = ct'y + x'y* + j^y*. 
(3.) R = 2a»6 — 3ai« + &». 
(4.) R = 7m« — 6n>. 

Extraction of §78. The practical rule given in arithmetic 

•qnare roots of « i • i 

numbers. to extract fiquare roots of numbers, contains the 

same process of operation as for polynomials, and we may 
demonstrate that it must be the same, although in some re- 
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spects, apparently different in its application. The role is as 

follows : 

Practical Separate the given number into periods of two 
rules: Firat. jigy^j.^^ ^ack beginning with units and ten^. Ex- 
tract then the square root of the last period^ thus 
obtained f whether it contains two figures like the 
others or only one, and if this period is not a perfigct square, 
take the root of the greatest square number contained in it. 
Subtract then this same square number from the 
said period, and annexing to the remainder the 
first figure of the next period, divide the whole number by 
the double of the root obtained. The quotient wiU be the 
second figure of the root. Annex now to the rc- 
mainder the second figure also of the next period, 
and subtract from the whole the product obtained by mutti" 
plying by the second figure, the first fvgure of the root re- 
doubled, with the second annexed to it. Annex 
now to the second remainder, the first figure of the 
following period, and divide the number by the double of the 
root already obtained; the quotient wiU be the third figure. 
After this annex the second figure of the period to 
the same remainder, and subtract from the whole 
number the product, which will be obtained by multiplying 
the two first figures of the root redoubled with tjie third 
annexed to fliem, and repeat upon this and the following 
remainders the same operation as above. 

The same rule will be better understood by an 
example. Let the given number be 
N = 15539364, 
which will be, separated into periods, as follows : 

N = 15, 53, 93, 64. 

Now the period 15 is not a perfect square, but 9 is the 
greatest square number contained in it, having 3 for its root. 
And according to the rule, we will have 
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N R 

15,53,93,64(3942 
3X2 —9 

Ist divisor, 6 65'3 

39x2 — 021^_(=— 69X9) 

2d divisor, 78 329'3 

394x2 —3136^... (=—784X4) 

3d divisor, 788 1576'4 

~ 1576 4 (= — 7882X2). 

So, likewise, from the given numbers : 

(1.) N = 639725824. 

(2.) N= 567009. 

(3.) N = 127449 

(4.) N = 56821444, 
we will find, 

(1.) R = 23232. 

(2.) R = 753. 

(3.) R = 357. 

(4.) R = 7538. 

Ifowthe role J 79. Bnt let us see more clearly how the process of the 
extraction of operation to obtain the square root of a number, is the 
poi^Aom^s is 8&1&0 ^ that to be followed in the extraction of square 
«h?«tJaction ^^^^ ^^ polynomials. And for this object lot us re- 
ef square roots mark, that 

' 1st. A polynomial form can always he given to any 

A compound compound whole number, 

can always takd ^® ^^ here a compound number any whole number 

TO?vnomia?^ * which contains more than one figure ; as for instance, 

simni h 1 ^^ *^® ^* ^^^ ^' ^^ *^® preceding examples ; and a 

numbers. simple number, a whole number of only one figure, as 
2, 8, 9. Let now A be any simple number ; the product 

A . 10(--i> 

will be a compound number, containing m figures, of which, com- 
mencing to reckon from unitd, A is the »»*'», and the only one different 
from zero. Let, likewise, each of the symbols B, C, D, . . M,N re- 
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present a simple number, or eyen the cipher xero. The compound 
number i as ABCD . MN, 

which we suppose to contain m figures, and in which N represents 
units, M, tens, &c., can always t&ie the form of a polynomial in the 
foUowing manner : 

A. ]0«-» + BIO— «+ CIO— »+ . . . . + M . 10+ N. 

Because, as A. lO**-^ contains m — 1 zeroes after A, so, also B. 10"""" 
contains m — 2 zeroes after B, and C.10*~' contains m — 8 such 
zeroes after 0, and so on. Therefore, 

A . 10«-» 4, B . 10^-« + CIO— » . . . + M . 10 + N 





AOOOO ... 00 


+ 


BOOO ... 00 


+ 


COO ... 00 


+ 


DO ... 00 


4- 




+ 


MO 


+ 


N 




ABCD . . . MN = F. 



Sfloond remark. Let US now observe, 
compound nam- 2d. The square of v can neither contain more than 2m 

SdnlTfUS; •^»'-"' "<"• '"' '*"» 2m - 1. 

than the double In the present supposition, r contains m figures. 
of the figures in __. , « , . ^, xi « 1 . , 

the root. Now, 10*-* 18 the minimum among the numbers, which, 

like y, contain m figures, as 10*** is the minimum among compound 
numbers of m-|- 1 figures. Therefore, » cannot be less than 10* -\ 
and must be less than 10^; hence, also v* cannot be less than 
(lO*-!)* =3 10»~-«, and must be less than (10«)* =s 10*». But 
1(fim-% jg ^Q minimum among the numbers which contain 2m — 1 
figures; »*, therefore, which cannot be less than 10*"-', must contain 
at least 2m — 1 figures. Again, 10** is the minimum among the num- 
bers which contain 2m -|- 1 figures ; »*, therefore, which is less than 
this minimum^ cannot contain more than 2m figures. Now, a number 
containing 2m figures may be separated into m periods of two figures 
each, and a number containing 2m — 1 figures may, likewise, be 
separated into m periods, each of two figures, with the exception of 
the last, which cannot be . of more than one figure. . In both cases, 
however, the number of periods of »* is the same as the number of 

figures in the root y. Hence, when a square number is given, by 

10 
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separating the ciphers into periods of two figures each, we may ifii- 
mediately know what is the number of figures in the corresponding 
root. It remains now for us to see how these figures of the root .may 
be found out from the periods in stftcession, through the same process 
with which the teems of the root are found out from the square poly- 
nomial. 
Polynomial ex- Let US first observe, that the first period conmiencing 

SquMreofanim^ with units has no ciphers after itself; the second has 
^r* two, and the third, four figures after them, and, gene* 

rally the mS*^ period has 2m — 2 figures after itself. Bepresenting 

now by Pxi Pv p^ Pm^it Pmt these periods, the square of y will 

be eyidently expressed by 

But f'* =s [A. 10— 1 + B. 10«-«+ + M. 10+ N]*; 

and (77) the square of any polynomial is expressed by the formula 
(/) from which, in our case, we have 

f» » A«. 10«"-«+2AB . 10«"-»+B*. 10»"-^(2t,C . lO—'+C*. 10*^) 

+ (2^D . 10--*+ D*. 10^-«) + + (2/«.iN+ N*), 

where <;=s A.10"-*+ B.IO*-* 

^ = A. 10— » + B . 10— »+ C . 10— «, &c. ; 
and, consequently, 

2Ai. C . 10— « = 2AC . 10»— * + 2BC . 10*" -» 

2<,D.10— *= 2AD.10*— '^+2BD.10*"-« + 2CD.10*— ^ &c. 

Substituting now these values in the preceding formula, we will have 

(/") »•« AM0*"-M-2AB.10*"-»+B». 10«— » 

+2AC.10»"-4-2BC.10*^+ C«.10*"-« 

+2AD . lG^--*+2BD10*"-^ 

+, &c. 
Both formulas (/') and (/'') pve the same value of »* with a differ- 
ence, however, which is to be remarked here. Suppose, for example, 
A ss3 and B s=s 4. The first and 'second terms of the square of r 
given by (/^^), taken separately from the rest, will give us 

A2. 10»— •+2AB.10*"-»= 9.10*"-»+24.10»— • 

. » 9.10»— •+(2.10+4)10«— » 
s 9.10«— ■ + 2.10»— *+4.10*"-» 
■» 11 . 10»— * + 4 . 10*"-» 



OPERATIONS ON POLYNOMIALS. Ill 1 

It appears from this reduction, that some units of the second term 
2AB. lO*"*"' join the units of a higher orderr and enter into the first 
term. The same thing occurs with regard to the following terms, and 
the difference between the formulas (/^), {f) is that in the first the 
periods p^ Pm-i* • • « • contain all the units which may possibly bo 
reduced to their respective order ; in the second, some of the units of a 
higher order form part of the successiye terms. But when any square 
number is given, its periods are as in (/^), in which the terms of the 
root do not so distinctly .appear as in (Z^^). We may still safely say, 
that A*. 10*"~*, or the square of the first term of the root. Is altogether 
included in the period j?^, and the double product 2AB . 10**-* of the 
first and second term of the root does not go beyond the first figure of 
the following period ^«_i, and the square B*. 10*"-* of the second 
term of the root does not go beyond the same period Pm-if 9LD.d so on. 
Let us observe, also, that comparing, for instance, the number 

2AB. 10*— » + B2. 10*— *, 

or, which is the same, (2A . 10 + B) B . 10*—*, 

with .(2A . 10 + B)B, 

the only difference to be found between the two numbers is that in 
the first, the product (2A. 10 + B)B is followed by 2m — 4 ciphers ; 
in the second^ the same product is followed by no cipher. In the case, 
therefore, in which the ciphers indicated by 10**-* would not be 
taken into account, the number (2A . 10 -}- B)B may be used instead 
of (2A.10+B)B.10*— *. 

We may now proceed to see the reason of the operation to be per- 
formed and expressed by the rule, in order to extract the square root 
of any given number. 

We must commence by taking for the first figure of the root the square 
root of the last period, or rather the square root of the highest square 
number contained in the period. Then, after having subtracted the 
same square number from the said period, we will obtain the second 
figure, by dividing by the double of the number already obtained for the 
root the remainder as far as the first figure, inclusively of the follow- 
ing period i?«»_i ; since the second figure of the root, multiplied by the 
double of the first, is within these limits. In this manner we have the 
part of the root which is obtained and expressed in Separate terms by 
A. 10*4* B, although, rigorously speaking, the same terms should be 
expressed by A. 10"-^ -4' ^* 10^; since A is the nfi^f and B the 
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(m — !)**» figure after units in the root ; bnt in {f) yf^ have the terms 
2AB . 10*— » + B*. 10*--*, or their equivalent (2A . 10 + B)B . 10*—*, 
which are* contained within the period p^^\ of (Z'), and having no 
consideration for the following ciphers, as we do with regard to the 
figures in the root ; this is the product of the double of the first ciphei 
A, obtained for the root, plus the second cipher B, multiplied by B, 
which being subtracted from the remainder, as far as the whole period 
Tm-\y will give for the next remainder 2AC . 10*»~*+2BC . 10*"-*4"f 
&c. , or2( A . 10 "Y B)C . 10*" -* +, &c. Hence, taking this remainder as 
far as the first figure of the period jt)«_s, we have in it the product of 
the double of tiie root already obtained, multiplied by the third figure to 
be yet found ; to find, therefore, this third cipher, we divide the remain- 
der as far as the said figure of the period jPa,_s by the double of the 
root obtained. The number then thiis far obtained for the root is ex- 
pressed by A. 10*-|- B . 10+ c- But taking the whole period />«»_8 in 
the remainder, we have in it 2AC . 10*—* + 2BC . 10*» -* + c*. 10*— •, 
or (2(A . 10»+ B . 10) + C)C . 10*»-«, and having no consideration for 
the following ciphers expressed by 10*"~', the said remainder con- 
tains the product of the double of the two first figures of the root, 
plus the third figure, all multiplied by the same third figure ; and this 
product being subtracted from the remainder will give us another re- 
mainder, which taken as far as the first figure of the following period 
i'-.-a* contains the product 2(A . 10* -J- B . 10 + C)D . 10*— ^ which, 
having no consideration for the following ciphers, is the product of the 
double of the root obtained by the figure to be next found. Dividing, 
therefore, the last remainder as far as the said limit by the double of 
the root obtained, we will have for quotient, the fourth figure, &c. 

It is not necessary to go on farther to see on what principles the 
rule ^ven to exiaract square roots of numbers rests, and to see also, 
that the process of the operation is identically the same as that of the 
extraction of roots of polynomials, although somewhat more compli- 
cated, on account of the units of the squares of each figure of the root, 
separated in different orders and periods. 

Extraction of §80. In the game manner as tbe rale to ex- 

cubical root* of ...i ,- i * ^ * * if ■% 

polynomials, tract the square root from polynomials, is mferred 
from the formation of tbe square power, tbe rule to extract 
tbe cubical root of a given polynomial is deduced from the 
formation of tbe corresponding power. 
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CuMcai power ^ow the cnbical power of a binomial contains 
«d*of any po^! (^9) ^^^ cube of the first term, the triple product 
Domiai. q£ ^^ square of the first by the simple second 

term, the triple of the prodact of the square of the second by 
the simple first term, and finally, the cube of the second term. 
But a polynomial can be at pleasure divided into two parts^ 
considering each part as a single term. In this manner the 
evolution of the cubical power of a binomial becomes applica- 
ble to any polynomial, and the rule to extract the cubical root 
inferred from the formation of the cubical power of a binomial 
is likewise generally applicable to the extraction of a cubical 
root of any polynomial. This will be better seen with an 
example. Let the given polynomial be 

P = a« + 3a»6 + 3a*6« + a»6» + 3a«5»c + 3a6c« 

which, arranged according to the powers of a, gives us 

^ C a«+3a*6+3a*6a+a»6»+3a«2>«c+3a6c»+c«/ . , . , ) ^ 
^ 1 +3a*c+6a»5c+3aV {f+<^h+c \ R 



-afl 






»6+3a*6«-f a»6»+3a«6»c+3a2»c"+c« 
+3a*c-(-6a»6c+3a"c" 
3a«6— 3a*ft"— a»6> 



.' C 3a♦c+6a«^>c^-3a•^>^ f 3a6c«+c» 

^''^ 1 +3aV 

— 3a«c— 6a»5c— 3a«6»c —3aftc«— c» 
— 3a«c» 

The operation proceeds as follows : We extract the cubical 
root of the first term a", which root is a", and a' is the first 
term of R, namely, the first term of the root of the given 
polynomial. Taking then from P the cube of a', we will 
have the first remainder (r^). Dividing now the first of (r^) 
by 3a*, that is, by the triple product of the square of a", the 

10* 
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quotient ah hence resulting is the second term of B. Taking 
then from (r J the triple product of the square of a* by ah, 
plus the triple product of the square of ab by a', plus the 
cube of ah, the remainder (r^ resulting from this operation is 
equal to P, minus the cube of the root (a* -|- ab) so far obtain- 
ed. Therefore, dividing (r,) by the triple product of the 
square of (a* -{- ah), the first term resulting from this division 
is another term of R. Now the triple product of the square 
of (a* -|- «^) i* 3a* + ^'^ + 3a'6* ; and performing the 
division, we find c for the third term of R. Subtracting now 
from (r,) the triple product of (a*-{-ahy by c, plus the triple 
product of (a* -f- ah) by c", plus c" the remainder (r,) will be 
equal to P, minus the cube of (a*-\-ah-\-c), but (r,) is found 
equal t-o zero; therefore, the cubical root of the given poly- 
nomial P is B, = a* -{- ab -\- c. The process of the operation 
is wholly founded in this, that the part of the root obtained 
is regarded as a single term, and the part to be obtained as a 
second term. 

In similar manner, from 
P = m« + 3m»n + 6m*n« + 7in»tt» + 6m«»* + 3mn» + n«, 

we will find -fi^, or 

R = m* -(- wMi -f- n*. 
And from P = 8a« + 12a«6 + 6a*6» + a«6>, 

we will find f^, or R = 2a« + ah. 

Extraction of % 81. The same process is applicable to the eztrac- 
•eubical roots of * 
nnmbers. tion 01 cabical roots of numbers. And recalling to 

mind that which we have already remarked (79) with regard to the 
extraction of square roots of numbers, it will be easy to see the identity 
•of the operation with an example. 

Bat let us first observe, that the cubical power N of a number y of 
ri figures ABC .... cannot contain more than 8m figures, nor less 
than '8m — 2 ; therefore, dividing the given power N into periods of 
figures taken three and three, the last of these periods will either con- 
tain three figures like the others, or only two, or even one ; secondly, 
the number of periods of N will be eqaal to that of the figures of its 
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cubical root y. Bj observatioDs similar to those prcTionsIy made (79), 
we find, besides, that the cubical power of the first figure A of v is 
entirely in the last period of N, and the triple product of A* by B 
does not go beyond the first figure of the following period, and the 
cubical power of (IDA 4- B) is entirely within the same period, &c 
But let us see an example : 

Let the giyen power or number N be 34012224, or separating it into 
periods, let N s 34,012,224, 

f or "p N must then contain three figures, and we can represent it by 

f =z ABC. 
The operation to find out these ciphers proceeds as follows : 

N f 

A = 3 84,012,224(324 
A^ = 27 —27 

3A» = 8 . 9 = 27, B =s 2 (r,) 7 0/12 

. 8(10»A)*B + 8(10A)B* + B» = 5768 — 6 7 68 



3(10A + B)* s 8(32)* as 2187, (r,) 1 2 442/24 

— 1 2 442 24 

C = 4 (r.) oT"" 

8(10*A+ 10B)V c + 3(10»A+ 10B)c* + cs -« 1244224. 

The highest cubical power contained in the period 34 is 27, and the 
corresponding cubical root is 3, therefore, A ss 3, and A^ =3 27, 
which being subtracted from the last period of N, we have the first 
remainder 7 ; to this remainder we join the first figure of the follow- 
ing period and diride 70 by 3A*, that is, by the triple of the square of 
the root obtained; the quotient is 2, and therefore, the second figure 
B of r is 2. Now, joining to 70 the two remaining figures of the 
period 012, subtract from 7012 the triple product of the square of 30 
multiplied by 2, plus the triple product of 80 multiplied by the square 
of 2, plus the cube of 2, that is, subtract 5768 from 7012. Add then 
to the remainder the ^rst figure of the next period, and diride it by the 
triple product of the square of the root 32, obtained, namely, by 2187 * 
we find 4 for the quotient, and then repeating the operation as above, 
we will find zero for the last remainder. And applying this rule tc 
other cases, we Will find from N =s 1879080904, 

^N s R » 1234; 
from N sr 668503, 

■^K B B » 87, &c. 



SECOND PART. 

ALGEBRAIC THE0EIE8. 
. CHAPTER I. 

EQUATIONS. 

DUisionof the § ^^' ^^*^ present chapter will be divided into 
chapter. ^^^j, articles : The first treating of the equations 

of the first degree; the second, of the equations of the second 
degree; the third, of some general properties of determined 
equations; and the last, of the resolution of the equations of 
the third and fourth degree. 

The limits within which this treatise must be necessanlj 
confined do not allow us to dwell much on this subject, which 
contains one of the best parts of analysis. We will treat 
briefly each article, without, however, leaving untouched such 
discussions as may afford a sufficient idea of the theory in 
question. But, first, let us here elucidate the general deduction 
inferred in the introductory article (16), namely^ that the 
members of an equation equally modified form other equations. 
Let a given equation be 

mx -A Q = r — t (a). 

Taking from both members the same quantity or quantities, 
the remainders will form another or other equations. Let us 

subtract - — g from both members, we will have 

h h h 

116 
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h 
that is, mx =^r — t — -+2 (i). 

Let us subtract from the same (a) r — t, we will have 

*. ^ 

mx + - — a — r A-t = r — t — r 4- t, 

n 

that is, mx -{- - — q — r -{- 1 = (I/). 

it 

Comparing (h) and (I/) with (a), we see that 

Pnictiea] rules. l 

the terms - and q of the first member of (a) are 

in the second member of (b) with changed signs, and the 
terms r and t of the second member of (a) are in the first 
member of (6') likewise with changed signs. We infer, there- 
fore, this practical and general rule 

The terms of aji equation can he tranxjwsed 
from one to aiwtker memhery without destroying the 
equalityy provided their signs he changed. 

Dividing or multiplying both members of (a) by the same 
quantity, the products or quotients will form another equation^ 
and dividing first both members by m^ we will have 

mx , h q T t 

m nm m m m ' 

» 

that is x A — = (c). 

nm m m m ^ 

Multiply now both members of (a) by n, we will have 

, nh 

mux A nq ^= nr — nt\ . 

n 

that is, mnx A^h — nq ^^mr — n< . , ^ (c'). 

Comparing now (c) and (c*) with (a), it is easy to see that 
the coefficient m of the term mx in (a) is not to be found in 
the corresponding term of (c), but it divides all the others. 

Again, the denominator n of the term - in (d) is not to be 

n ^ 
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found in tbe corresponding term of (</), but it is a common 
factor of all tHe other terms. Hence, 

Any term of a given equation may be cleared 
of its coefficient by dividing all the other terms hy 
the same coefficient. 

Any term of a given equation may he cleared 
of its denominator hy multiplying all the other 
terms hy the same denominator; 

The last of these rules is contained in the first, when the 
denominator is considered as the denominator of the coefficient 
of the term to which it belongs. 

Applying now the preceding rules to the foUow- 

Examples. • , 

mg examples : — 



(1.) »w^ -\- q — m — hy 




(2) I ^ f' 




(3.) ^^g-l-h, 




we will have 




(1.) a? ""-J-*. 




(2.) y mp — mf m(p - 


-/)• 



(3.) ^^^(^-g-A) 
^ n 



Known and § 83. Equations commonly contain known or 

unknown qoan* . .. . , 

titles. given quantities, and unknown quantities oi 

quantities to be found: the known quantities are generally 
expressed (20) by the first letters a, hj c, ... of the alphabet, 
the unknown quantities by the last .... v, x, y, z. Hence, 
in the equation ax* -f" h — z^=Cf 

we would consider a, 6, and c as given quantities, x and z as 
quantities to be determined. 

Eesoiuttonof ^^^ determination of these unknown quantities is 
equauons. called the resolution of the equation; thus, for in- 
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20 
stance, to find out -^ or tlie value of a:;, which makes the first 

member of the equation 

3x^4 = 16, 
equal to the second, is to resolve the same equation. 
Determinate Now, whcn au cquatiou coutaius only one un- 

and Indetermi- ' ...,-, 

nate equations, known quantity, it IS called a determinate equa- 
tion; when it contains more than one unknown quantity, it is 
called indeterminate. The reason of such an appellation is, 
that an equation which contains only one unknown quan- 
tity, has either only one or a determinate number of resolu- 
tions; and an equation which contains more than one unknown 
Roots of eqnar qiia^tity, has no determinate number of resolu- 
^^°^ tions. The value of the unknown quantities are 

termed also roots of the equation. 



ARTICLE I. 
Eguaiions of the FirU Degree. 

Degree of the § ^^' ^HE degree of an equation is given by 
equationa. ^^ highest expoueut of the unknown quantity or 
quantities. Thus, for example, the equation 

5C* (KC = 6, 

in which the highest exponent .of the unknown quantity x is 
2, is an equation of the second degree, and the equation 

^ — a^ -f" ^y^ =;= m 4- sf> 
in which the« highest exponent of the unknown quantities a; 
and ^ is 3, is an equation of the third degree. 

Equations, therefore, of the first degree are all those in 
which the exponents of the unknown quantities do not sur- 
pass unity ; such, for instance, are the equations 
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ax-{-b =: q, ai/ -{-bx = q — x, &c. ; 
and generally, 

ax** — fcy** -f- ahx^^ ^ — jy*"' +/='*> 
is an equation of the v^ degree. 

General for- § ^^- -^^J determinate equation of the first 
Sti"e5"Son'?^? degree may always be reduced to the simple form 

the firat degree. x = K (l), 

because it cannot contain other terms except known quantities, 
and those in which the only unknown quantity x is either alone 
or affected by a coefficient; as, for instance, in the equation 

ax-^-h — c-\- dx •=^-x — I -\-f. 

Now we may first transpose all the known terms to the second, 
and the remaining to the first member, and have the equation 

ax-\-dx — -X = c — h — l-^f} 

and again, la-\-d — jx = c — h — l-\-f' 

Tbe known termt( \a-\-d — ~\ can easily be reduced to a 

single term C, and likewise the terms — 6-f-c — l-\-fy to 
the single term K, so that the same equation can simply be 
written as follows : Cx = K. 

The unknown x being cleared of its coefficient, we will have 

_K 

an equation of the same form as (t). 

Reaoiutfon of ^^^ (*') ^^ * rcsolvcd equation. • Therefore, to 
""JauirSf^the resolve any determinate equation of the first 
first dflgro«. degree, • 

Transpose all the hnoion terms to the second 
member J and all the others to the first ; reduce 
each member to a single term, and clear the unknown quantity 
of its coefficient. 
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Resolve the equations 

Ezamplef. -i 

(1.) 2x — 8 + |a; = 6. 
(2.) 7y— 7 = 13y— 26. 
(3.) 2z-4 + l = l^4z. 

(4.) |x + 12 = ?a; 

(5.) ay 4- 6 — c = my — /. 

Answers : 

IQ 
(1.) x = 4. (2.) y = :^. 

(3.) » = ^. (4.) a? = 48. 

(6.) y = ^. 

§86. Equations can be profitably used in the 
resolution of problems, since the conditions of any 
problem can be expressed by one or more equations. Let us 
see some examples : 

What number is that which first multiplied by 2, 
and then divided by 7, gives 13 for the difierence 
between the product and the quotient? 

Ans. The product is 2x, the quotient is -, the difierence 

is 2x — z; ; therefore^ the equation is 

2x-| = 13, 

which, resolved, gives . . . x = 7. That is, 7 is the number 

required. 

There is a certain number of apples to be dis- 

Second. 

tributed among another number of boys. If we 

give to each boy three apples, there are nine wanting; but if 

we give only two to each, then there are two remaining. How 

many are the apples> and how many the boya? 

11 



L 
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It is {.Iain that after haying found the number x of the 
apples, the number of boys is also found ; because, dividing 
X by two, we have the number of boyS; plus one; that is, the 
number of boys is a; . 

the unknown quantity of the problem is then only x. 

But adding 9 to x, and dividing x -|~ 9 by 3, we have 
Again, according to the condition of the problem^ the number 

of boys; that is, x-{-9 x - 

~3~"'^2"~^* 
liXL equation which, resolved, gives 

X = 24 . . . number of apples ; 
•nd consequently, 

X 

^ — 1 = 11, number of boys 

What is the number; which multiplied by ^ and 
divided by 7, gives a product and quotient whose 
lifference is 20 ? Ans. x = 7. 

Find such a number that the sum of one-third, 
one-sixth, and one<twelfth of it shall be equal to 21. 

Ans. X = 36. 
A soldier receives every day twelve cents; but 
when he is engaged in the service, the first time in 
the month he receives twice as much; the second time three 
times as much ; and the remaining days of service four times 
as much. At the end of a month of 30 days he receives five 
dollars and four cents. How many times was he engaged in 
the service ? Ans. x = 6. 

Indeterminate §87. The preceding examples and problems 
first degree. show that the valuc of the unknown quantity in 
determinate equations is determinate; namely, only one. But 
this is not the case with indeterminate equations. Let us 
^ake^ for example, 

ax — 6 + cy = jj' — x — y, 
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in which x and y are both unknown quantities ; hence, the 
equation may be resolved either with regard to x or with re- 
gard to y . Let us resolve it with regard to a; ; we will have 

Now X depends on the value of y, and giving, for example, to 
y a numerical value equal to 1, the corresponding value of x la 

■ iy ' — ^ • 

a — 1 a-|-l' 

and giving to y a numerical value equal to 6; the correspond- 
ing xia ^ + 2^ ^"l"^fi 

a — 1 a — 1 

Unless, therefore, the value of y be determined by some con- 
dition, the value of x also remaios undetermined, depending 
on any arbitrary value given to y. 

But if two equations are given, containing each the same 
two unknown quantities x and y, then the value of both can 
be determioed; nay, more generally, when a number of 
different equations is given equal to the number of the un- 
known quantities contained in them, all the values of the un- 
known quantities can be determined. 

Equations con- § ^^' ^^^ determination of these unknown 
unknSra^ttlS quantities can be obtained in different manners, 
****"• as we may see in the following example : 

Let each of the equations — 

az + a'y + a"x + a'" = ^ 

e^ 4- c'y + c"x + c"' = 3 

contain the same unknown quantities x, y, z'j and observe, 
that any equation of the first degree containing three unknown 
quantities, can be reduced to the form of the equations (o); so 
that the different methods applicable to obtain the values of 
the .unknown quantities contained in (o), are applicable to all 
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fimilar or equivalent cases, and generally to any number of 

equations containing an equal number of unknown quantitieB. 

DUfereat me- Besolve, first^ each equation with regard to the 

thods of reflolu- , . 

tioiis. same unknown quantity; for example, z, we will 

have 



First method, 
laiminiitioa by 
oomparloon. 



Z 



a! a" a'" "^ 

— y X 

a a a 



ji 



« = 



J 
z = ^^y 



b 



X 



(</). 



-X 



b 

c . c 

In this manner, since the first member of each equation (o') is 
the same, and, consequently, the second members are all equal 
to each other, we have 



j» 



a 
a' 



y 



x 



a 



V 



-y 



a 



H 



-X 



a _ o' W 

= y X . 

a" a a c e c 

And, consequently, by transposing the terms to the second 
member, we have 

/a' b\ /a" b'\ a"' 6'" 



«" 



c"' 



And making 

/a' b\ , /a" h'\ - fa'" l/'\ „ 

\a c / \a c / \a c / 

dy + d^x + d'' = i ^^ ^' 
Now reserving each equation (o'') with regard to y, we hAYO 
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If ^' 

and consequently, 

- /»* _ ...» - - __ />• -I ,_ ^^ 

and making 

Dx + iy^OKo'"); 

which resolved; gives a determinate value of a;; namelji 

_ ^ 
X — — ^. 

Now this value substituted in one of the preceding (o"), gives 
us an equation containing only the unknown quantity y^ 
whose value, therefore, can be obtained; and this, together 
with X substituted in any of the given equations (o), gives us 
an equation containing the unknown quantity z alone. This 
method of elimination is called elimination by comparison. 
Let us pass to the second method. 

EUminattonby ^^^ sccoud method cousists in resolving one of 
subBtitution. ^^ given equations (o), for instance, with regard 
to z, and then substituting the found value of z in the other 
equations. Thus, we obtain two equations containing only 
the unknown quantities x and y, to which the same metbod 
of elimination can be applied, in order to obtain an equation 
with only one unknown quantity. But let us see the process 
of the operation. Resolve the first equation (o) with regard 
to Zj we win have 

a' a" a'" ) , . 

This value of z, substituted in the second and third (o), gives us 

11* 
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from which we deduce the two equiyaleats 

(._^),+ (r-^>+(r.-5^)=<,, 

and making 

we will have dy -f- cFx -f- <f' = *) 

^ly + rX+r = J (^)- 

Resolve now the first of these two equations with regard to 
V, we will have ct <f' 

and this value, substituted in the second, gives 
from which we have 

ormakinc <'_^ = D, ^ - ^= D* 

a a 

j>x + iy = oiip") 

from which, x = — r=-. 

This value of x substituted in one of the preceding (p), 
gives tts aa equation with the unknown quantity y alone, and 
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substitutiDg X and y in (p), we obtaia the yalue of the third 
unknown quantity z. 
Elimination The elimination by addition and subtraction in 

by addition and , 

subtraction. some casos is preferable to the two preceding. 
This method of elimination consists in giving the same co- 
efficient to the same unknown quantity in different equations, 
and then subtracting one equation from another if the terms 
affected with the same coefficient have the same sign, or 
adding the equations if the terms affected with the same co- 
efficient have different signs. Let us resume the equations (o) ; 
and first to reduce the unknown quantity z to the same co- 
efficient in the first and second equation, multiply all the 
terms of the first (o) by the coefficient of z of the second, and 
all the terms of the second (o) by the coefficient of z of the 
first; we will obtain the following equations : 

haz + ha*y + Wa; + W = 0, 
haz + aVy + ah"x + aU'' = 0, 

which, subtracted from one another, give 

In equal manner, reducing to the same coefficient the first 
term of the second and third (o), we will have 

cbz + d/y + cb"x + 66'"= 0, 
dfz + h(/y + IhTx + h</''=0, 
and, consequently, 

y(cl/— h(f) + x(ch"— hi^') + (ci'"— 2k/") = 0, 
making now 
(6a'— ah') = d, (fta"— ah") = cP, (hc^''^ ah'") = d!'j 

(c6'— h</) = S, (cb"^ W) = r, (c6'"— he'") = ^'. 

The obtained equations will become 

dy+d!x+d!'={^ 

9y^^X + ^' 

Reduce now the first term of both (^) to the same coefficient. 



r'=0 ) 
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we will have d9^ + d'ix + €t'd = 0, 

which being subtracted from one another, give 

x(d!d--dr)'\-idrd'^dir) = 0, 
and making d!d-^d^= D, <f' ^ — <f^ = I/, 
the same equation becomes 

D* + ly = } (J"), 

from which . = -»:, 

a value which substituted in either of the preceding equations 
(^), enables us to find out the value of y; and substituting 
both X and y in any of the given (o), we obtain an equation 
with the unknown quantity z alone, which b, consequently, 
easily determined. 
The aame me- § 89. The mcthods of elimination just described 

tbodii applicable 

to au caaet. are applicable to any number of equations con- 



taining an equal number of unknown quantities. But if the 
number of the equations is greater than that of the unknown 
quantities, the resolution may be then impossible ; and such 
ineompatibie equatious are then called incompatible. Such, 
equations. ^^j. example, are the equations 

2x + 3y + 4 = 0, 

4x— y — 6 = 0, 

&« + y + 2 = 0, 
which no values of x and y can resolve. Because, adding 
together the two last equations, we find 

9x==4; 

that IS x = ^) 

and consequently, from the same two last equations, 

88 
^ = ""9- 
Now, these two values of x and y to fulfil the first equation, 
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mast make 2x + 8^ = — 4 ; but, making the stibstitation; 
we find 

hence the three giveja eqiiati<ms are incompatible ; but if the 
first equation should be 

9wc — 18y — 80=0, 

4 38 

then the equation would be fulfilled by cc = r and y = — -g-, 

but this equation is then superfluous for the determination of 
the values of x and y. We may generally say, therefore, that 
the number of equations must not be greater than that of the 
unknown quantities, nor less than the number of the same 
quantities; although in some instances, with a number of 
equations less than the number of unknown quantities, we 
may be able to determine their values. For example, from 
the equations 4a; — y — 2z= 6, 

6a; + 4y4-82=20, 

we may determine the values of the three unknown quantities 
X, y, Zj as follows : Multiply the first equation by 4; and 
then add together the two equations, we will have 

22a; = 44; 

and consequently, as = 2. 

Now the value of x being substituted in both the given equa- 
tions, we obtain two equations and two unknown quantities, 
which, consequently, can be determined with any of the pre- 
ceding methods. We may observe here, also, that many ex 
pedients suggested by practice render the resolution of equa- 
tions containing various unknown quantities in several cases 
more or less speedy. ■ The general rules, however, given for 
practice, and deduced from the foregoing processes, are — 

Rnieaandex- ^^^ *^® method of elimination by substitution, 
ampies. Find the value of one nnknoum qtmntit^ in any 

of the given eqttcttionsy and $v^8Hiute it in the others. 
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For the method of eliniiiiatioD by oomparison : 
Find ike value of the tame unianown quantify in each of 
the given equations^ and form eguatunu with thete values. 
For the method of elimination bj addition and sabtraction . 
Crive the tame coefficient to the tame unknown quantity 
in all the equatUmtj and add or tuUract at the cote may 
require. 

Examples* or given equations : 

2x + 3y + 4.2 = 29, 
Sx + 4jf + bz = 38, 
5x — 2y + 22 = 12. 

1 



ao 



1 



(2) 



Answers : 

(1) 

(2.) 
(3.) 

(4-) 



2x + 3y + 4z = 16, 

(3.) ■} 3a; + 2y — 5«= 8, 

6x — 6y -f- 3z = 6. 

5x — 6y -{- 4z = 15, 

(4.) ]7x + i!f-Sz = 19, 

2x+ y4-6« = 46. 



1 
1 



x = 2, y = 3, 2 = 4. 
a: = 20, y = 3. 
a? = 3, y = 2, 2 = 1. 
a;= 3, y = 4, 2 = 6. 

Sometimes, not all the unknown quantities are to be found in 
each of the ^ven equations ; as, for instance, in the annexed 
example : ax -|- a'y = a" 

hx + Vz = h" 

a/ -^ (/z =^ c". 

But from the first and second we can eliminate the unknown 
quantity x, and have an equation containing y and z, which, 
together with the third, will give us the values of the same 



EQUATIONS 181 

UDknown quantities. In a similar manner we will find the 
^ues of the unknown quantities contained in the following 
examples : 

Given equations : 

2a; — 4y + 8a = 64, 



r ^ — 4y + »a = M, 

(6.) ] 12^-7^ + 8 = 0, 



(6.) 



[ 



2a5 — oy + 2« = 13, 
Av — 2x= 30. 
4y + 2« = 14, 
by+Sv = 32. 

aj + y = 36, 
(7.) -I x + z=49, 
y -f a = 63. 
Answers : 

(6.) a; = 3, y = 4, » = 8. 

(6.) x = S, y = l, » = 5, t; = 9. 

(7.) a = 16, y = 20, » = 33. 

§ 91. Problems frequently contain more than one 
unknown quantity. In this case the conditions of 
the problem must commonly contain as many equations as 
there are unknown quantities to be determined. The skill 
required in the resolution of the problem consists in knowing 
how to give the algebraical form to the equations proble- 
matically expressed. 

Practice and natural aptitude, rather than any rule, facili- 
tate the resolution of problems. We may, however, observe 
that the difficulty in the resolution of problems 

General rale. . ... m , •• 

is greatly diminished by this general rule : 
Separate first the unknoum quantity, and then VMtdifiy 

and combine them a^ccording to the conditions of the problem. 
An application of this rule may be seen in the following 

exflpple : 



182 TREATISE ON ALGEBRA. 

The tbree eiphen of a number are saeh that their 
BMM is 14 ; the sum of the first and last divided bjr 
the second, giyes 6 ; and subtracting 594 from the given num- 
ber, the difference contains the same three unknown ciphers, 
disposed in an inverted order. What is the number ? 

The three figures of the number are the unknown quantities 
of the problem, which we separate from the known quantities 
contained in the problem, calling them x, y, z. Now the first 
condition is, that the sum of the figures is equal to 14. 
Hence, the first equation 

x-\-y + z = U (1). 

Another condition expressed in the problem is, that the sum 
of the first and third figures, divided bj the second, gives 6 

for quotient; hence, the second equation — *— =;= 6, or 

x + z = ^(2). 

The last condition is, that subtracting 594 from the unknown 
numbers, the remainder is the same unknown number taken 
in an inverted order. The equation contained in this condi- 
tion is not so obvious as the preceding ; to deduce it, observe 
that the number 594 may be decomposed, as follows: 

594 = 500 + 90 + 4 
= 100.5 + 10.9 + 4; 

hence, the number also, whose first cipher is x, the second y, 
and the last Zy is likewise resolvable into three ; namely, 

100.a; + 10.y + ;?; 

and therefore, the inverted nuinl)Of Js 

100.2+I0Vy + «- 
Hence, the equation contained in the last condition is 

l00x+10.y + « — 594 = 100.» + 10.y + a, 

or 99x >- 992$ = 594 

which is easily reduced to 

• X — » = 6 (3). 



XQUATIONB. 188 

Thus we have obtained as. many equations as there are un- 
known quantities. To haye them resolved^ subtract first equa- 
tion (2) from equation (1); we will have 

y= 14 — 6y; 

that is, y ==: 2^ 

which value of y^ substituted in equation (2), gives 

+ «=12. 

Subtract now from this, and then add to the same equation 
(3), we will have 

2» = 6, 2x = 18 ; 

that is, 2; = 3, x = 9 ; 

the required number, therefore, is 

N = 923. 
We have, in fact^ 

i»+y + « = 9 + 24-3 = 14 

-7-- -2 ^ 

923 — 594 = 329. 

What two numbers are those whose difference is 

9, and sum three times as much f 

Ans. x=:18, y=9. 

What three numbers x, y^ z are those whose 

sum is 34 ; the sum of the last, and twice the first 

is 30 'y and the sum of the first and twice the second is 26? 

Ans. a; = 6, y =r 10, z = 18. 

The weight of four globes A, B, C^ D is 340 

pounds, and the weight of A -|- 1^ Is equal to that 

of B -|- C; C is ten pounds less than B; and the weight of D, 

plus one -third that of B, make the weight of A. What is 

the weight* of each globe ? 

Ans Calling tc, y, Vy z the respective weights of A, B, C, 

D, we will find * « = 100, y = 90, v = 80,' z = 70; 

12 
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In a mixtaie of wine and wnter, one-tentlL of the 
whole, pins 10 gdlonSi b water, and one-half of the 
whole, ploB 80 gallonsy ia wine. How many galkms are there 
of each? AnB. a;=:80, y = 20. 

Divide the number 144 into four snch parts, that^ 

if the first be divided bj 5, and the second mnlti- 

plied by 5, the third diminbhed by 5, and the last increased 

by 5, the quotient, the product, the difference, and the snm 

are all equal. 

Ans. Galling x, y, v^ z the first, second, third, and fourth 
parts, X = 100, y = 4, v=z 25, z = 15. 

Three persons A, B, C have each a certain sum 

of money: one-third of the money of A and 0, 

minus 6 dollars, is the sum of B ; one-half the money of 0, 

minus the money of A, and minus 9 dollars, give, again, 

2 
the sum of dollars of B ; the sum of C, multiplied by r, gives 

twice the sum of A. What is the sum of each? 
Ans. Galling x, y, z the sums of A, B, C, we have 

a; = 18, y = 54, » = 162. 

Five wheels A;*B, 0, D, E are so combined, 
that while A performs a; revolutions, B performs 
y, C performs v, D, w, and £, z. Now ten times the revo- 
liitioni of A, plus three times those of B, and four times 
those of E, give the same number as 9 times the revolutions 
of D, plus the product of the number of revolutions of 

33 

multiplied by ^k; twice the revolutions of A, plus twice those 

of G, give the same number as the revolutions of D, added 
to one-fourth of those of E ; the revolutions of D and E, plas 
ten times those of B, are equal to seven times the revolutions 
of G ', the revolution^ of A, plus five times those of B, give 
the levolutions of G ; and the revolutions of E, minus three 
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times iho06 of 0, giye 20 revolutions. How many revolv« 
tioDS does each whed perform in the same time? 

Ans. «==10, y = 2, v=:20, w=:40, « = 80 

Frobkm 9. What fraction is that whose yalne is ^, if we add 

1 . ** • 

1 to its nnmerator. and j, if we add one to its denominator ? 

4 

. 05 4 

Ans. - = =-r-. 
y 15 

There are two horses and two saddles : the best 
saddle costs 40 dollars^ and the other only 6; placing 
the best saddle on the first horse^ and the other on the second; 
the first horse costs 6 dollars more than the other ; and chang- 
ing the saddles, the second horse costs three times more than 
the first. What is the i»riee of each horse ? 

Ans. 2c=:25| y=:53. 



ARTICLE n. 

Equati(ms of the Second Degree. 
Genetai fat- § 92. Any equation in which the highest ex* 

nrala of fhe de- ■ ^ ^ , ° 

terainaieeqnap poncnt of the unknown quantity or quantities is 
aeotmd degrea 2^ IS (84) an equation of the second degree. 
HeneC; the general formula of the equation^ of the second de- 
gree containing only one unknown quantity^ is 

ic«+Ax = B (A); 

because all the terms to be possibly found in this class of 
equations are either known quantities or terms containing the 
simple unknown quantity Xy and terms containinir the square 
of a; ; as, for instance, in the equation 

ma^ — 'nx-\'p3t? — q rrsaj + rx* — /c + ^j 

in which q and^ represent known quantitieS| like the coefficients 
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m, n, py r, f] the terms nxj Xj fx coDtain tlie simple unknown 
quantity x ; and the remaining terms the square of x. It is 
now easy to reduce this equation to the form of the preceding 
(A), hecause, through a simple transposition, we can first write 

ma? + JP^ — ^3:" — ^w: — X -^-fx == J 4" i/' j 

that is, (w -j-p — 0^ + (/ — ** — 1)-*^ = IZ + ^j 

from which ^^ /--^-l ^^ g + ^ 

an equation of the same form as QC), Hence, the resolution 
of any equation of the second degree is the same as the reso«» 
lution of the general equation {K) \ and the first operation to 
be made when an equation of the second degree, containing 
only one unknown quantity, is given to he resolved, is to re- 
duce the given equation to the form of (A) ; hence, also, the 
first and general rule : 

Tranvpo^e all the known terms to the second 
member, and all the others to the first ; reduce to 
a single term all those that contain the square of the unknown 
quantity y and likewise all those which contain the first power 
of the same quantity; then clear the square of the unknown 
quantity of its coefficient. 

It is to be observed that equations of the second 

degree do not sometimes apparently contain terms 

with the square of the unknown quantity ; as, for instance, 

in the equation . n 

^ ax — 6 = - ; 

X 

but the same equation is reducible to the following : 

oji? — bx = n. 

In cases similal" to this, before proceding to resolve the equa- 
tion, a similar transformation is to be made. 

The given equations being thus prepared, we may pass to 
see how the general equation (A) is resolved. 
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SMoiatioiKrftiie § 93. Two cases can take place with regard to 
Sro euef^ the first memher of (h), aocording as the co- 

efficient A is either equal or not to stto. In the 
first case the equation is simplified, and becomes 

which is easily resolved, because, from (hT)^ we have |/? 

= ±. v/B^ or xz=z zt i/BT 

That is, the yalae of the unknown quantity x is the positive 
as well as the negative square root of the known quantity B, 
or the second member of (A'). We have, in fiiot, 

both values, therefore, 4~ l^B, — y^, fulfil the equation 
(hT). When, therefore, the given equation, reduced to the 
general form, assumes that of (h'\ the double value of the 
unknown quantity is immediately found, as follows : 

Btde md ex- Take ike podtive and negaHve $quare root of 
ampies. ^ necond member. 

The equations, for example, 

(1.) 3x»--3 = 6— 2««, 
(2.) 4a^— 36 = 2a;«— 4, 
(3.) 2a»» — a;+6 = ax^— « + 3d, 
vednoed to tilie general formula, giro 
(1.) x«=9, 
2.) rB^=16, 

(3.) a^=5, 

and resolved, 

(1.) »=s ±:|/5'=dh3. 

(2.) x=±i/I6 = ±4. 
(8.) «=±^ 

12* 
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Bat when A is not equal to zero, the eqnation 

Second cftM. ,. nr 11 -t i- 

(A) cannot generally be resolved without being 
modified, as we will presently see. 

Observe that (69) (a? + y>» = a;* + 2a;y + y», and the 
second term of this evolution is the double product of the two 
terms of the binomial; so that the last term of the same evolu- 
ti>m can be easily inferred from the first and the second, 
by dividing, namely, this by the double root of the first, and 
squaring the quotient. For example, a* -\- 2ma, representing 
the incomplete evolution of the square of a binomial, it will 

become complete by adding m* to it, because -^ — gives m 

for quotient; and consequently, m' for the last term of the 
uufinisbed evolution. In like manner, b* 4" ^9 representing 

another unfinished evolution, by adding to it the term j, it 

will become complete. That is, to render 6*-|-c& a perfect 

square, add the square of half the coefficient of h. 

Now, the first member of the general formula (A), or 

x^ -{- Ax, has the form of an incomplete square, which is easily 

A* 
finished by adding -j-, the square of half the coefficient of x. 

But in order to preserve the equality, if we finish the square 
in the first member, we must add the same term to the second 
member also. This addition, being idade, we will have 

*»+Ax + ^=B + ^ (k"y, 
or, since a^ -|- Ax -|- -^ = (x + -^ J ; 

A I 3P 

from which jc -{- — = ^ ^B + -j-j . 
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and oonsequently, 

the values of Xj whicli resolve the equation (h) given by the 
known quantities A and B. We say the values^ heoaose, 
when we take the upper sign, 

when we take the other, 

Beaiandimagi- These values of rc, or roots of the equation (h) 
naiyiooto. will he either both real or both imaginary^ and 
again, when real, both positive or negative, or one positive and 

one negative. 

A* 

Let ns here examine all these cases. When the binomial B -|- -j-, 

under the radical sign, is a positive qoantity, the radical, and conse- 
qnently the yalue of z in both equations, is real. But when the same* 
binomial is negatiye, then (50) the radical is imaginary, and the values 

of X contain the real term — -^, plus or minus the imaginary root; 

and, therefore, both values of z are imaginary, because nether a 
positive nor a negative real term or quantity can ever represent the 
difference or the sum of two expressions, the one real, and the other 
imaginary. 

Suppose, first, the binomial B -|- -j to be a positive quantity ; in tluB 

A" 
supposition B is positive, or if negative, less than -j-. When B is 

positive, one of the values of z is positive and the other negative ; 
when B is negative, the vadues of z are either both positive or both 
negative. We have, in fact, in the first case. 



^/^>^|?(-^); 
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and, therefore, ire may write 



^ 



^+T-=^(t + ^)^ 



hence, firom (A^^0> ^ ^® coefficient A in (A) is positiTey 

» — |+t+''-< 

and if the coefficient A in (A) ia negate, 

««+|+|+rf«A+it 

Ihatjrttartaa. Hence, WA«i «n ^Ae equaUon (h), (Aot w^ 

x^+AzsB; 
B u pontive, one of ihe roots it Ukewite jpontwe, anet the other neffatwe, 
vfhatever be the eign of the coeficient A. 

In the second case, when B is negatiTC and less than —y ire haTe 

thatis, Jb+~« J -dj 

therefore, if tiie coefficient of a; in (A) is pontiTe, we wil! hare firom 

A A 
2"*" 2 



<"") .__^+4_„__4 



-i-yj^. 



both yahiea of s bcsag aegaliTe. 

In the same supposition of B negatiye, if the coefficient A of x also 
is negatxTc, we will haye from (A^^^) 

both Tslnes of x bdjug positiTe. Therefore, 
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Beeond criterion. ^^^^ »» 'A* equation (h), B it negoHvt and U*8 than 
A* 
•j-f and A is positive, the root* are both real and negative. 

With the same B and with A negative, the roots are both real and potitive. 

A* 
Let OS now suppose B negatiye, and equal to — . In tliis case, 



V 



B+f"-0; 



and consequently, both yalues of x from {h^'^) are equal to each other, 

and haye the same sign. That is, 

A* 
Third criterion. ^^'J *'* (t)» B is negative and equal to -j-, both values 

of the roots are equal to - positive, being the coefficient of x 

A 
negaUve, or equal to ^ negative when the confident ofj.is positive, 

A2 
The last case is that of B negatiye, and greater than -^, in which 

A* ^ 

case the binomial B-|- -^ is necessarily a negaUye quantity, — d; hence. 



.jB+5=v^^rf; 



an imaginary expression. Therefore, 

When in (h) the value of B is negative, and greater 

firarth criterion. ^- -Al* ^ -^r ^. i *x • 

than -J-, the roots of the equation are both imaginary. 

The preceding criterions applied to the equations — 

(1.) x«+7x = 12, (5.) x»+12x=a:-.86, 

(2.) a:«— 15z=a:18, (6.) a* — ftrss— 16, 

(8.) z2 4.i6x«s — 40, (7.) a:«+14x = — 60, 

(4.) 2«--2ar=a— 90, (8.) x« — 6x=:— 18, 

reduced already to the general form (A), show that the roots of the 
equations (1) and (2) are real, and affected with different signs ; the 
roots of ('S) are also real, and both negatiye; the roots of (4) are real, 
and both positiye ; those of (5) are also both negatire, and, besides, 
equal to each other; those ot (6) are both positiye, and equal to each 
other. The roots of the equations (7) and (8) are imaginary. 

Examples uid § ^4. Let US proceed to resolve some equations, 
probiemt. Q\^tn equations : 

(1.) 2aj» + x=:x" + 54 — 2aj. 
(2.) a;* — a = 56. 



1 
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Oiren eqaations, 

(8.) 2»« — 4x— 9 = a;»+2a; — 17. 

(4.) 16aJ» — 4x + 36 = 14x« — 32a: — 60. 

(5.) flc" — ub -{-(ix^z bx. 

(6.) ac* -f- «*» — nx = mx, 

(7.) flc« + ca; — c" = — 2cx — 3c«. 

(8.) a:« + 26=4x+13. 

(9.) «■ — 2aa; + o»+fe'~0. 

The first of the proposed examples is easily reduced to the 
general form (A), as follows : 

a^ + 3a; = 64; 

r j in order to have a complete square 
in the first member, we have 

a;- + 3x + |=64 + j, 

or ^^+_^^54 + -. 

and oonsequentlj, 

,8 /K5" 15 

hencO; the doable value of x : 



1.) 



* = -2 + T = ^ 

3 15 - 



The process is the same for the other examples, and is con- 
tained in the annexed practical rule : 

Reduce the given equation to the general form^ 
finish the iguare of the first member, extract the 
root of ho^ members, and leave the vnknown quantify alone 
in the first member. 

In this manner, the remaining examples, being resolved, 
will give : 
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(4){x = -8. (5) {.= +.6. 

(. a; = 2 — 8y' — 1. I fl; = a — by — 1. 

Wlien the condidons of a problem, whose resolu- 
tion is reducible to that of an equation of the second 
degree, are such as to exclude, for instance, the negative sign 
for the unknown quantity, and the equation resolved gives 
the values of the unknown quantity affected with opposite 
signs, the positive alone resolves the problem. 

Ql?he square number of my dollars added to 180, 
gives 27 times the number of my dollars. How 
many dollars have I f Ans. a? = 12, or a; = 15. 

I have as many doirs as he has cats. All my 
dogs, plus four of his cats, multiplied by the whole 
number of dogs and cats, give 12 times the number of dogs, 
plus 160. What is the number of my dogs ? 

Ans. The equation resolved gives x= — 8, a = 10 ; the 
first value is to be excluded. Hence, x = 10. 

Find a number whose product by 5, minus six 
umts, mutiplied by the same number added to 1, 
gives for product seven times its negative square. 

Ans. a; = + 7> ^ = — o- 

The product of a certain number by 7, minus 75, 
is equal to 95, plus the quotient arising from 125 

divided by the same number. Whajb is the number f 

6 

Anrf. X = + 25, x = — =. 

7.. 
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An army commencing battle, contains an equal 

Problems. i. / • l u j •. . • 

number of men m each rank, and it contains 
as many ranks as there are men in one rank. During the 
battle, the first three ranks and 350 men beside are killed. 
Tbe army after the battle contains 2000 soldiers. Find the 
original number. 

Ads. X = 2500, each rank containing 50 men. 
With regard to equations of the second degree, oontaining 
more than one unknown quantity, the same methods of elimi- 
nation given in the preceding number (88) can be applied 



ARTICLE ILL 
On some Properties of Determined Eqaxiti&ns of any Degree. 

Preliminary \ ^^* Several discossions of the present article rest on 
theoremi. some general theorems, useful for other investigatioiis, 

no less than to find out the properties of equations of any degree. 
We commence, therefore, this article by demonstrating the same 
theorems. And, first. 

Let the coefficients a, 6, c, ... A . of the yariable and real quantity 
2, und the last term k of the polynomial 

02" + ^^"^ + car*-* + . . . A2 + A; . . . . (jp), 

be all real and invariable quantities. We say, that if by changing the 
value of ar, (/>) assumes a positive and then a negative value, 
^. . Thtrt must be some value z^ of z, which substituted m (p), 

makes this polynomial equal to zero. 
To demonstrate this proposition, let us suppose the value of 2 to be 
changed in such a manner that the difference between any two such 
values, taken in succession, be capable of an indefinite diminution. 
In this manner the polynomial [p) also will be changed by degrees 
capable of indefinite attenuation. But by supposition, the polynomial 
(p) may be changed from positive into negative; so that, making, for 
instance, z sss z^; the polynomial assumes the positive value (-|- v*^: 
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and making z =s z^^ the polynomial becomes negatiye, that is, (— i'*)* 
The difference, therefore, between the two yaiues of the polynomial 

which may become smaller and smaller either by sr* approaching to 
2», or z^ to Za) or both of them to each other. Suppose that leaying 
z, unchanged, z^ approaches constantly to t^y the difference (^a) 
4- (/>») will indefinitely approach to zero, and by degrees capable of 
indefinite attenuation ; that is to say, the said difference- is capable of 
assuming all the yaiues contained between {^pi) -J- (i'lt) <UQd zero ; now 
(/7^) is one of these values ; therefore, among the yaiues which the 
difference {^p^ 4~ (/'») ^'^ ^^^ ^7 ^a approaching incessantly to z^ 
is also (/?^) ; and since the difference (/?») -j- (i>») cannot become (f^ 
unless (jPjk) becomes zero, therefore, the yalue of (/y^) constantly 
changed with Zj^ will once become zero. Call z^ the yalue which 
makes (j?^) =s 0, we will haye 

-_ . When the decrtcue of the variahU z th fp) is carried to a 

Theorem 2. -^ ^*^^ 

certain limity the polynomial retains from that limit con- 
stantly the same sign^ equal to the sign of its Utst term. 
The polynomial {p) without its last term is 

which eyidently approaches to zero by constantly diminishing the 
yalue of z. Now it cannot uninterruptedly approach to zero without 
becoming smaller than any fixed yalue different from zero; hence, 
by diminishing constantly in {p), the yalue of z, all its terms, with the 
exception of the last Ar, will finally become a smaller quantity than 
the same k. And, consequently, from this limit, whatever might be 
the sign of the rest, the sign of the whole polynomial {p) will be that 
of Ar, if A is positive; (/?) also, from that limit, will be constantly 
positive ; if A; is negative, (/?) from the same limit will be also negative. 
When z in (p) is increased to a certain limit, the poly- 
nomial from that limit will constantly retain the sign of its 
first term. 

The polynomial (p) is manifestly equivalent to the following product: 

Now, by constantly increasing the value of z, each term within the 

parenthesis, except the first, approaches constantly to zero, and, con- 

13 
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Th«orem4. 



sequently, also the sum of all of them. Hence, the same sum, when 
z is increased to a certain yalue, will be equal to and then become 
smaller than the fixed quantity a. If now, for the sake of breyity, 
we call S the sum of the diminishing terms, we will have 

In which, when % is increased to the said limit, and much beyond 
that limit, S is smaller than a ; hence, from this limit, the sign of 
a-f- S must be the same as that of a, whatever be the sign of S ; hence, 
also, the sign of the product 2"(a -f- S), that is, of the polynomial (/?), 
is the same as the sign of flu^, which is the first term of the same 
polynomial. 

When two pdlynomialSf iuch as 

remain equal to each other, tuhetituting in them n-(-l different values ofz^ 
the two polynomials are identical. 

Let 2„ Zif z„ . .. , z^ represent the n-\-\ diflFerent values, which, 
substituted in succession in the polynomials, make them equal to each, 
other ; that is, 

00+ «A+ «a«o'+ • • • + «««o" = Co+ CiZ,+ Ca2o'? + ....+ C^Z*, 
fltt+ fl»2i + ^? + • • • + o»2r » =s (?o+ C,«j -f Ca2r,2+ . . . . + c^z^% &c. 

Hence, also, calling ^o, pi, p„ .... the first members of these equa- 
tions, we will have 

<^+at^+ aa2o'+ • • • + «««o" = Po 

Oo+ «A+ <Vi*+ • • • + ^n^^^'Px 
«o+ ai2a + fla«a*+ • • • + On^ii" =/>9 



flo+ fl»««+ a^n^+ . . . + «««n" s^i?, 



n y 



(A), 



and likewise. 









(C)-. 



Now the values of Oo* <*» aa» • • • ^m inferred from the n + 1 equations 
(A), are evidently the same as the values of %, e^, c„ . . . e^, inferred 
from the n 4- 1 equations (C). Therefore, from the supposed equality 
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of the polynomials (P), when substituting in them n-\-l different 
YiUues of a, it follows, that 

Now this equality makes the polynomials (P) identical. 

„ ., Hence, when the polynomials (P) are found to be equal 

to one another in whatsoever manner the Tariable z be 

taken, we must necessarily infer the equations (A). 

General Ibiv ^ 96. Let the coefficients A, B, 0, . . . H, and the last 

mala of a de- ' tr ^ \. 

termiDPd equa- terms K. Of the equation 

tioQ of any de- __ .. ..^ .. .*,... ^ 

gree. [«] a:"+ Aa:»-^+ Bx— «+... + Hx+ K a« 0, 

of the «**• degree be real quantities. If taking for x two real values, 
the one makes [e] positive, and the other negative, the same [e] is 
resolvable with at least one real root ; that is, there is at least one 
real value of z, which makes the first member of [e] equal to zero. 
To prove this, it is enough to apply to [«] the demonstration of the 
first theorem of the preceding number. 

Equations re- ^^ ^^ ^^^ ^®® ^^''^ **^® ^^ ^"^^ values of X makes [c] 
i2S^**^**Mai P®s^*^^®> *^^ *^® other negative. When the degree n of 
root the equation is an uneven number, the sign of the first 

term z^ is the same as the sign of x ; but when x has a sufficientiy great 
value according to the third theorem of the preceding number, the 
sign of the whole polynomial [e] is the same as that of the first term; 
hence, positive if x is positive, negative if x is negative. When, 
therefore, the de^ee of the equation is uneven, the first member of 
[«], by the substitution of one certain value of z, can be made positive, 
and by another negative ; hence, the equation in this case is certs^nly 
resolvable with at least one real root. 

EqaationB r»- When the degree n of the equation is an even number, 

solvable with at nn^i the last term k is negative, the equation is then re- 
least two peal , ^ 
roots. solvable with at least two real roots. Because, taking 

a very small value for z, the sign of the formula [e], according to the 

second among the preceding theorems, is the same as that of its last 

term E ; that is, negative. And taking a sufficiently great value of z, 

then the sign of the polynomial is the same as that of the first term. 

But the sign of the first term is positive, whether the value of z be 

positive or negative : therefore, a value of z between one very small 

and another large and positive, will make the first member of [e] equal 

to zero ; and again, another value of x between the same very small 

Talue and another large and negative, will make the first member of [c] 
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equal to zero. When, therefore, the degree of the equation [e] is an 

even number, and its last term K a negative quantity, the equation 

[e] ^ can be resoWed with at least two real roots. 

When equar % 97, We have seen that when the degree of the equa- 
tions cannot be . _ _ _ , 
resolved with tion [tfj =s 18 an Uneven number, the equation is 

An "reJolvaSe ^l^^ys resolvable with at least one real root ; and when 

with one or the degree n of the same equation is an even number, 

more imagi- , 

nary roots. the resolution may be obtained with two different real 

roots, provided the last term E of [e] be a negative quantity ; but if 

E should be positive, and n an even number, we would then be unable 

to demonstrate the possibility of resolution of [e] ^ with real roots. 

Because, although [e] involvos a function of z, and always of the same 

real form, and consequently in the equation [e] =s the yariable x 

is necessarily a reciprocal function of A, B, C, . . . K, that is, 

x=/(A, B, ... H, K), 

of a determined and unvariable form, it may occur that the change of 
the sign of k changes the real value of x into an imaginary one. For 
example, the real value of the expression 

in which A and B are supposed to be positive, becomes imaginary 
when B, being greater than A, has its sign changed. 

But whatever be the value of a;, either real or imaginary, it is 
certain that by substituting in [e] as instead of x the function 
/(A, B, . . H, K) the equation is fulfilled ; and, therefore, when the 
degree of the equation [«] := is an even number, and the last term 
K is positive, the equation is resolvable, at least with an imaginary 
root. 

Last supposi- The last supposition which can be made with regard 
^^^' to the last term K of the general equation [e] s=8 is, 

that the same term be equal to zero. In this supposition our equation 
becomes equivalent to the following one : 

a;[Az'»-i + Bx«-«+.... + H] = 0, 

or (making Aa:"-* -j- Ba:"-^ + . . . . -j- H =s {_e^]) equivalent to 

xleq = 0. 

It is now plain that any value of x which makes («^] =s 0, makes 
also a;[«^] :=3 0. That is, any root which fulfils the equation [e^] s= 0, 
fiilfils also the equation [«] ss 0. But [e^] is a polynomial, having 
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the same ftn-m as [«] ; and we haye seen above, that the equation 
[e] ^ admits always at least of one root, either real or imaginary. 
Therefore, the same equation is likewise resolTable when KsssO. 

Any detei> { 98. We may now pass to see that the number of 
of any degree roots of any determined equation is always equal to the 

SSy^'rtSl " deg'^ o' *1^« 8a°^« equation. 

there are anitB We have seen that the equation [e] = admits in aU 

in the degree *• -* 

of the equation, cases of at least one root ; call h this root, and from 
[e] ^ 0, we will have 

A" + AA— »+ BA— « +.... + HA+ K = 0; 

and consequently, 

Ea^ —A«t—AA—> — BA— •—....— HA. 

Substituting now this value of E in [e], we will have 

[«J ar 2»+ Aa^-' + B«— «+ 4.H2— A*— AA— » — BA*-« 

^— ... ^— HAy 

^r, 

[c] » (a«— A«) + A(2— »— A— ») + B(a^«— A— «)+ . . . + H(a; — A), 

in which z may have any value. 

Now we have seen (63), among the last examples of multiplication, 
that (l-|-z + 2«+ . . . +2»)(l—z) =s 1— 2»+S from which, by 
changing the signs of both members, and taking n — 1 instead of n, 
weinfer z» — 1= (!+« + «*+ . . . + 2— 1)(2 — 1) ; 

or, substituting - instead of z, 

©■--(-H!+g+-+ar)(i--> 

and from this 

^-('-x^)('+i+(!)v.-+a)->. 

or af» — A»=s (z — A)(A"-»+ A"-2a: + A'»-»2:2+... + a^-i). 

Inverting the order of the terms of the last polynomials, and then 
substituting in succession n — 1, n — 2, n — 3, . . . . instead of n, 
we will have 

«» — A» =3 (x — A)(a^-^+ Aa:»-«+ A*x--»+ . . . + A— i) 
aj«-i — A— 1 *. (z— AX^^-'^ Ax— »+ A'x— *+ ... + A--2) 

a^-t— A— «-sa(a: — A)(x"-» + Ax— *+A*«— •+....4-A'-*), &c. 

13* 
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Making now, a snbstitntion of the yalnes of these binomials in the 
expression of [«] last obtained, we will have 

[e]= (z— A)(a-— »+^af-« + ....)+A(x — A)(a-'-«+Aa-'-'+...) 

+ B(x-- A)(x— » ) 4- . . . + (x — A)H ; 

or else, 

[«] « (x — A)[a^-»+(A+A)i— «+(A»4-AA + B)«--»+.. 

+ (A— 1+ AA«-«+ BA*-» + . . . . H)] ; 

or more simply, 

[«] = (X — A)[af— » + B.z«-«+ax— »+ ... + H,a;+KJ : 

making, namely, A -j- A ss B^, A* -j- AA -(- B ss C^, &c. 

Represent now the last polynomial by [ej, that is, make 

aj— »+ B.X— »+ ax— »+ . .. + H,x+ K, = M; 

then we will have [e] ^ (x — A) [cj, 

whatever be the value of x. 

Therefore, A being a root of the equation [0] a= 0, the polynomial 
can be decomposed in two factors, one of which is x — A, the second 
another polynomial [«}] of the same form as [e], but of a degree one 
unity lower than that of [e]. 

Now, resuming again [«] ss 0, or its equivalent 

(x-A)M=0, 

it is plain, that not only by making x equal to A, we will have the 
equation fulfilled ; but also, any value of x which renders [ej] equal 
to zero, fulfils likewise the equation ; that is to say, any root of the 
equation, [ej ss 0, 

is a root also of [«] := 0. Now, [«i] s=s admits certainly of at least 
one either real or imaginary root, which we may call t ; and applying 
to [e^l = that which we have said with regard .to [c] ss 0, we will 
have [cj =: (x — «)[x»-«+ C^»-» + + H^+ K,], 

and making x"-* -j-CaJC" "■■+... + Kjas [<J 

[«,]=s(x — t)[cj; 

and since [c] = (x — A)[«j], also 

[0 = («-A)(j:-OW- 
But the polynomial [«^], like the other two [«] and [«J, can be de- 
composed into two factors, the first of which having the form (x — I), 
and the second the same form as the preceding polynomials [e], [e^], 
[fti], with this difference, that the highest degree of z in [e] is n ; in 
[^i]» w — 1 ; in [ft,], n — 2, in the following polynomial [<i] is n— 8. 
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CoutinulDg the same procesB, we wUl finally obtain the polynomial 
[e] decomposed into n factors of the first degree, and of the same form. 
That is, the polynomial \_e] will become equal to a product of n factors 
In the following manner : 

af«+ Aa^-»+Bi"-^« + ^- Ha; + K b (z — A) (x — i) (« — /) 

(aJ-0. 

From the supposition, therefore, that the polynomial [e] is equal to 
zero, it follows that it may be decomposed as above. Now from the 
last formula it is eyident that substituting for x any of the n values A, 
t, /, . . . . tf the equation [e] =e is fulfilled. Hence, the roots of the 
equation of the n^ degree are n in number. 
Connection be- ' J 99. The product of n equal factors of the form 

tween the roots , i\ •„ /en Tfw 

and the coeffl- (x—h) IS (69, 70) 

dents of any de- , ,, , , . w(« — 1),. • . , 

termined equa- (x — A)» = a;" — nAx^* + -i — ^ AV^' — . . . db A». 

tion. 2 

In the last equation of the preceding number, we have a product of n 
binomials; in which, howeyer^ the second term is different in each 
of them ; but since the first term x is the same in all, the product of 
those n binomials with regard to z, must be equivalent to that of n 
factors, all equal to the same binomial x — A. That is, x will com- 
mence with the highest degree n, and orderly diminish it till the lowest 
possible degree. The difference of the two products must be in the 
coef&cients of z, which, when all the binomials are equal to x — A, are 

nA, — ~r — ^A*. . . . But the coef&cients of the various powers of x, 

as well as the last term of the product, are formed in the same manner 
in both cases. That is, when the term subtracted from x is the same 
A in all the binomials, it is repeatedly used as a factor as xnany times 
and in the same manner as the different terms A, t, Z. ... in the other 
case. It is, besides, to be observed, that when the terms subtracted 
from X are all unequal, each of them must have an equal share in the 
formation of the coef&cients and last term of the product. 

Wc may now institute an analytical comparison between the co- 

n(n — • 1) 
efficients — nA -| — ^— ^ — -k^y . . . together with the last term A", when 

the factors are all equal, and those which are produced when the 
terms subtracted from x are different in all the binomials. 

The first of these coeflacients — nh shows that — A is used n times 
as a factor of x" - *. But when the subtractive terms are all different, 
no term can be found in the product multiplied by — A more than 
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once, bnt all the same sabtractive terms concur in like manner to form 
the coefficients ; therefore, the coefficient eqoiyalent to — nh must be 

in this case — (A -f~ * 4~ ' ~{~ • • • • 4" 0< ^^^ ^* ^^ negatiye sum of aJl 
the roots of [«] as 0. The next coefficient, or coefficient of thethird 

'term in the supposition of all the binomials being equal, is -{ — ^— ^ — ^ A*, 

which is — — 7" ' times the square of A. Kow in the case of thd 

terms taken from x, being all unequal, A can never multiply itself 
and A* must be necessarily changed into the product of two different 
terms, for instance, At ; but again, all the terms taken from x, con- 
cur ih an equal manner to the formation of the coefficient; and as in 

the coefficient — ^A*, the square of A is taken ^ — ^ times, 

the products of the terms, taken two and two, ought to be as many 

in number; and in fact, the number of combinations of n symbols, 

nin — 1) 
taken two and two, is (74) ^ — ~. Hence, the coefficient of the 

third term is (Ai+ A/+ .... -f- A< + tZ + ... tV +..».) ; that is, the 
positive sum of the products of all the roots of [«] as 0, taken two 
and two. It is now easy to see, in the same manner, that the co- 
efficient of the fourth term is the negative sum of the products of the 
same roots, taken three and three ; the next, the positive sum of the 
products of all the roots, taken four and four, and so on. And the 
last term is the product of all the roots ; a positive product if n is 
an even number, and a negative product if n is an uneven number. 
Our equation^ therefore, 

z" + Aa:*-! ^ Ba^-s +.... + K = (a; — A)(a; — 1) . . . . (z — ^ 
is equivalent to 

jc«+ Aa*-' + Bx»-«+.... + Kaai a« — (A + i-f + <)a*-> 

+ (At + AZ + . . 4- A/+ « 4- . . . )«—«+. . . ± (A. t. f t\ 

in whatsoever manner % be taken. But (95, Th. 4, cor.) when two 
such polynomials are found equal to each other with any value of x, 
the corresponding coefficients of the same x are respectively equal to 
each other. So we will have 

A =s — (A 4- t + Z + . . . 4- 

B = (At 4- Ai4- 4_ Az 4- tZ 4- 4- 1< 4- ) 

C =» — (AJZ 4- Ai^ + 4. Ai< 4- Ai^4- . . 4- Aft4- ) |.(r). 

&c. 
K x= =iz h , i ,1 f ; 
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That iS) the coefficient of the second term of [«] ss is the negative 
sum of all the roots of the same equation ; the coefficient of the fol- 
lowing term is the positive sum of the products of the roots taken two 
and two, &c. 

n ^* ^ i 100. From this mutual connection between the roots 

Corollaries. ^ 

and the coefficients of the equation [e] ss 0, we infer 
some corollaries : 

Coroii 1 ^^ ^^^ °^ *^® roots should be equal to zero, tiie la«t 

term K of f^l must be also equal to zero : and if two of 
Case of one ■- -' ^ 

or more roots the roots are equal to zero, the coefficient H also of the 
eq aero. ^^.^ before the last is equal to zero, for it contains the 

products of all the roots taken (n — 1) and (n — 1). In each one, 
therefore, of these products, there must be at least one of the roots 
equal to zero, and the whole coefficient is consequently equal to zero. 
Let the same be said of the coefficient precedii^ the two last terms, 
when three roots are equal to zero, and so on. 

OoroUarv 2. ^^ changing the signs of all the roots, the sign of the 

second term of [e] will be also changed ; that of the 
Signs of the . »- -" ** * 

roots changed, third will remain unyaried ; the sign of the fourth will 
be changed ; that of the fifth will remain as it is, &c. The reason of 
this is, that by changing the sign of all the factors, the signs of the 
products will be changed only when the number of fetors is an un- 
even number. 

Corollary 3 Multiplying eacb one of the roots A, t, 2, .... ^ of the 
equation [«] sss by the same quantity a, the coeffi- 
cients A, B, C, , . . H, and the last term K of [c], will then become 

aA, a^, aKJ, fl»~^H, a*»K. Hence, vice versd, if the terms of 

the equation 

a?* + Aa-»-» -t- Bx'— « + . . . -f Hz -f K = 0, 

be orderly multiplied by the terms of the series 

1, a, a*, . . . . a*-^, a*. 

Roots mnltl- *^** ^s, the first by the first, the second by the second, 
plied. ^Q^^ |.jjg resulting polynomial 

2* ^ aA2*-» -f a2Ba^-« -f + a^-^llx -f a«K, 

made equal to zero,' will be resolved with the same roots of [e] a=s 0, 
each one of them being multiplied by a. 

Denominators Hence, also, if the coefficients of a given equation 
eliminated. contain denominators, they may be aU cleared of them 
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wiUiont giving any coefficient to the first term. Suppose, in fact, 
that the different denominators are b, c, d, . . . Multiplying tlie 
terms of the ^yen equation by the terms of the series 1^ [be . . . "), 
(&e ...)',.. . the coefficients will be eyidently all cleared of their 
denominators, while the first term of the equation remains unchanged. 
The roots, however, of the equation thus modified to be reduced to 
those of the given equation, must be divided by the product (b,c...) 
OoraUArrA. ^^^ fourth corollary deserves to be particularly noticed, 
on account of its use in the resolution of the equations of 
the third and fourth degree. 
In the equation [e] sss 0, that is, 

JB"+ Az— » + Bx— «+ . . . + Ux+K s= 0, 

X stands to represent any of the n roots A, t, . . . of the equation, 
which roots depend on the coefficients A, B, ... in the manner above 
seen. Let us now suppose another equation of the same degree and 
form as [e] ss 0, whose roots are h-\' Oy i-\- a, &c. ; that is, the same 
roots as [e] =b 0, but each increased by the quantity o^ We may 
represent this new equation as folloirs : 

x^» + A'z'*-^+ B^x^"-« + . . . + H^z^ + K\ 

x^ standing to represent any of the roots A -J- ^ * ~(~ ^ • ' • • <^d >^ 
the coefficient A of \_e] ss is the negative sum of all the roots A, t, 
/, . . . of that equation, 

A' «-((A+ a) + (i+ a) + ..,. + (<+«)), 

Or, A^ =B — (A + t + / + + <) — no, 

But ^(k + i+l+... + t);=zA, 

therefore, A^ =s A — na. 

In other words, chan^g the roots of [«] e^ from x into z^ s= x 
•^ a, the coefficient A^ of the second term of the new equation must 
be changed from A into A^ = A — na. 

Let us now suppose a to be taken equal to — ; in this case A^ sa A 

— A ^ 0. That is, when the roots of the equation [«] ss are 

changed from x into z^ == z 4* ~» the new equation must be without 

the second term. And this equation being resolved, it will be enough 
to subtract from the different values of x^ or roots the constant 

quantity -, to obtain the roots of the former equation. 
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The rams of g 101. Call S, the sum of all the simple roots of [e] 
Tftrioas powers ^^ „ ., • ,* .^^ j» .v 

of the roots can =s 0, S, the stun of all the squares of the same roots, 

Soug^h *"' the S, the sum of all the cubes, &c. We will have 

roots them- q ^^ i i^ -• i^ » i^ i^ ^ 

sidves are un- "* — n-t-»-t-*-r»''*'rf» 

known. S, = A*+ t*+ ?4- + (•, 

S, = A3 + t^ -f ^+ 4- <», &C. 

Now, although the roots h, i, , , . t may all remain unknown, yet the 
sums Si, S, . . . may be made known by the coefficients A, B ... of 
the equation. 

With regard to the first, it is well known that the negatiye sum of 
all the roots is equal to the coefficient A of the second term. Hence, 

S.=t» — A. 

But to demonstrate the proposition with regard to all the sums, ob- 
serye, first, that (98) 

But [c] =s af» + Aa;«-» + Bz"-«+ . . . + Hz-|- K, 

(x — A)[eJ = af» + (B, - A)*"-' + (C. ~ ABJx-« + . . . + (K. 
— AHOx — AK,. 

Now, since the two first members of these equations are equal to each 
other for any value of z, so also are the second members. Hence, 
according to the fifth theorem (95), 

A =s Bj — A, B sas Cj — ABi, . . . . H ss Ej — AH, K s= — • hK^, 

From which we infer 

B,=:A + A, 

C, =r B+ AB. = B + AA+ A*, 

D» s= C + AC, == C + AB + A^A + As, 

&c., 
K, == H + AG + . . . + A"-2A + A— 1. 

Ye] 
But from [c] &= (« — *)[«,] we have -t-J- » [«,] and (98) [«J 

= a:*-* + BiZ"*-' -f- . . . + H,a; + Kj. Hence, 

-W ^ r^j _ ar— 1 4. (A + A)«— « + (B + AA+ A2)x— » + (C 

+ AB + A«A+ A3)x-» -*<+.... + H+ Aa+ .... + A— "A^- A— 1. 

And since what we say of A may be equally said of any other root, we 
will have in equal manner, 
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-i^. » x«-» + (A + 1)«*-«+ (B+ tA+ •^)«*-«+. . . . . + H +ia 

+ .... + t— «A+t— S 

and BO on. 
Now the roots of [«J sss are the same as those of [«] s 0, with 

M 
the exception of k; hence, the roots of _2 x = ^ *''© *Ji« same as 

the roots of [«] ss 0, with the exception of A. Hence, also, on ac- 
count of the well-known dependence of the roots on the coefficients of 
the equation, 

-(A-hA)«:t+^+.... + « + OW- 

Reasoning in the same manner with regard to the equations *• •* . 

= 0, *■ ^ ■ ss 0, we will hare 

X — t 

^ ( A + f ) = A -f z -f . . . . + » + n 
K«.)- 

— (A+ = ^ + »+.... + » J 
The coefficient B in [e] is equal to the sum of the products of the 
roots, taken two and two. If we suppose one of the roots wanting, 
for instance A, the products of the remaining roots, taken two and two, 
will be given by B — A(t -f- ^ +••••+ 0* Now the coefficient of 

the third term of *• •* . ss is equal to the sum of the products of 

z — A 

the roots of [«] s: 0, with the exception of A, taken two and two. 
Hence, B+ AA+ A* = B — A(f+ Z-f . . . t)}{c^). 

In like manner from the equations . ss . . . . — =-=- a: 0, we haye 

X — I X — t 

B-ftA-f i* = B — t(A + «+... + 

B+iA-f t*~B-^«(A + 

The products of the n roots, taken three and three, are given by — C ; 
that is, by the coefficient of the fourth term of [e] taken with an oppo- 
site sign. But supposing the root A to be taken from the number of the 
n roots, the sum of the products of the remaining roots, taken three 
and three, will be — C — h{il + . . + it+ . .+ H). Now this very 

sum is given by the coefficient of the fourth term of ^ •* , taken with 
an opposite sign. Hence, 
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And from the equations ^ -* . ss . . . sa 0, 

X — t z — t 

— - (C + tB + t2A + tS) = — C — f ( AZ + . . + A< + . . + «^) 



— (C+<B + <2A + 



ta) = — C — t(AZ + .. + A< + .. + «^)^ 
• • .... V (<^)» 

<8) = — C — <( Ai + . . + A< + ) J 



Now the sum of all the first members of (cj is — nA — S^ ; the sun 
of the first members of (c^) is tiB -\- AS^ -(- S, ; the sum of the first 
members of (c,) is — nC — BSj — AS, — S„ &c. . . But the sum of 
the first members is equal to the sum of the corresponding second 
members; and with regard to the second members of (Cj), obserre, 
that if to each one of these second members, we add one of the n roots 
in this manner : h to the second member of the first equation, t to the 
second member of the second, and so on, and finally, t to the second 
member of the last or n*^ equation, this addition will make the 
second members contain the sum of all the roots of [«] := or — A, 
and all the n second members equal to each other, and their sum 
equal to — nA; if, therefore, from this sum we subtract — A, we will 
have the sum of the second members without the aboye addition, 
which is — n A 4" A or A(l — n). And therefore, since we have 
found — nA — S^ for the sum of the corresponding first members, 
— «A — St ^ A(l — n), or 

Sa + nA = A(n— 1). 

The second members of the following (c^)j (<;,) &c. . . contain two 
parts ; the first of which gives evidently for sums, nB, — nC. ... To 
obtain the sum of the latter part with regard to (e^), remark that each 
of the n roots A, t, . . . t, is in the second members successively a factor 

of all the others ; therefore, when A is a factor we have At, hi, 

and when t and 2 . . . . are factors, we will have t'A, ZA . . . . ; that is, in 
the whole sum of the latter part of (Cg), each one of the products of 
the n roots, taken two and two, will appear twice. Now B gives the 
sum of the products of the n roots taken two and two ; therefore, the 
sum of the latter part of {c%) is — 2 B, which added to the sum nB of 
the first part, gives nB — 2B for the whole sum of the second mem- 
bers of (e^). But the sum of the corresponding first members is nB 
+ ASj -h Sa ; therefore, 

S. + AS, + nB ss B(n — 2j. 
14 
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Ia tlLd lattep* purt of tii« equatioas (c^) ire^ may Ukewise ob»etfe that 
each of the n roots becomes !« snccesfidon a factor of all the other roots, 
taken two and two ; and in the eame manner as k multiplies U, i mul- 
tiplies hi, and I, hi, so that the product hU is to be found three times 
in the sum, as also are all the others. Hence the whole sum of the 
latter part ef the aeoood membev is iu tlus case three tuuea the pro- 
ducts of n roots, taken three and three. Now the n roots, taken posi- 
tiyely three and three, are expressed by — € ; therefore, the same 
sum. being negatiye, will be ^yen by -j- ^0, which added to the sum 
— fiC of the first part, gives — nC + 3C, or — C(» — 8), for the 
whole sum of the second members of (c,). But the sum of the corre- 
sponding first members is — nC — BS^ — * AS, — Sa ; therefore, 

S^ + AS, 4- BS, + fiC sr 0(» •— 8), &c. 

From this, and from the two preceding equations, we easily infer the 
yalues of S^ S^ S, as follows : 

S.--A, 

S, = — AS, — 2B«A«-.2B, 

S,aa — AS,— BS* — 3C » — A8+. SAB— 8C, &o. ; 

that is, the sums S^, S,, S, ... of the various powers of the roots h, i, 
I, »,,t, are given by the known coefficients A, B, C .... of the equa- 
tion [«] sas 0, whether the roots themselves be known or not. 

Corollary and Since A^ — 2B gives the sum of all the squares of the 
criterion. ^^^ ^f ^j^^ equatioa [«] =3 (^ in the supposition that 

all the roots are real, the binomial A^ — 2B cannot be but a positive 
quantity, for it is equal to a sum of terms, all of them essentially posi- 
tive. But the sign of A3 — 2B depends on the values of A and B as 
they are to be found in [e] ; if, therefore, the sign of this difference is 
negative, it is certain that not all the roots of [e]][ ss are reaL 

eonlugat* i 102. The imagmary expressions 

imaginary 

roots. »4.i,^/z:i, « — «y/^^ 

are called eor^tigate, for [c} «= cannot have for one of i|s roots an 
expression of the form of one of the two conjugates, without having at 
the same time also the other. 

Before we demonstrate, this proposition, it is to be observed that 

(a+ 6^/iri)2 = «•— 6*+ 2fldvCri, 

(a -r- V'^^Tl)* =s a*— d*— 2aV=^ ; 



1 
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Ud ]iui]diigii^^i>c9B^ 2abmBK, 

(a + 6^Zri)» tt, A 4. KvCn, 

from these^ 

(a — V^=^)* = (« — V^^)(* — Kv^^^)- 
Now («8) (« db 6v^=^)(* =*= Kv^^^) « (tfA — «) =t («K+ 5A) 

And makmg ah — bK m» I, aE 4* iA ss m ; 

(a db 6^=ri)(A it B\/=n) = /::fcm^/-l, 
Hence, (a + 6^=ri)3 — . 1 4 n^/::ri, 

(a _ 6^311)8 a- / _ m^/CTl. 

In like suumer, we have 

(a+ V^-1)^ = n + 0^/— 1, 
(a — 6^zn)4 ^ „_o^zri, 
and generally 

(a + 6v^=l)«» = A+ Bv^^n, 

(a — V^^)* »= "A^ — By/^^. 
w'^^Oa^^ i ^^^- ^ *^« supposition that one of the roots of [e] 
^wS^Sai' = has the imaginary form «+ V^» substituting 
?ngSbi>rf?£l; ^^ W = 0, that is, in xn+ Ax-^ + ....+ K = 0. 
other. that yalue instead of z, the equation will take the form 

U + Vy'^lssO; 
f<Hr takii^ separately each term of the equation, we will haye 

Aa^-» = A(tt+ r^^^I^Tl)— » » u^^ + v'' vA-1, 
Ba^-»= =1 tt^^^ + 1^'^' V^^» *«• 

And, consequently, calling U the sum of the terms it^, u^^ . . . . K utd 
y the sum of the coefficients v^ v^^ . . . . v("\ we will haye 
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Now U -f- Vv^— '1 cannot be equal to sero, unless separatelj U and V 
are each eqoal to zero ; because U, a real term, can neyer be elimi- 
nated by V^^^, an imaginary one ; hence, [«] = 0, which, in our 
eapposition, is U -f- V^ — 1 si 0, necessarily supposes U = and 
y aa 0. It is now easy to see that when z ss U'\- Vy/-^! is a root 

of [«] aa 0, z S1 11 — v^ — 1 is a root of the same equation likewise. 
Because, substituting this yalue of z in each term of [0], we haye, . 

A«— » = A(tt — rv^^^ni)— »«tt'^ — »//^iri, 

BaS— • ar as tfW — V'' V^^» &C. 

K aa K. 

And therefore, 

a?» + Ax— »+.... + K =a U—VvA=ri. 

But when z at u -j" f\/ — 1 is a root of [«] =& 0, U and Y arc sepa- 
rately each equal to zero; hence, U — V^ — 1, as well as U + V 
y/ — 1, is equal to zero. But U — V^^^ is that which [«] becomes 

when u — v^^^^ is substituted for z ; hence, x s=s « — v^ — 1 is a 
root of [e] s= 0. Therefore, when one of the conjugate radical ex- 
pressions is a root of the equation, the other also is necessarily a root 
of the same equation. 

From this connection it follows, first, that the number 
Oorollaiiet. _... 

of the roots of the imaginary form (a db b^ — 1) must 

necessarily be even. 

Secondly, since whateyer be the roots of [«] ss 0, we haye always 

[«] ss {x — h)(x — i) (x — «)(x — 0- 

Supposing that the first two, or four, or eight and so on, are imagi- 
nary, we will haye for example, A = a-(-5Y/^^, t=sa — b^^^l; 
hence, 

(z— A)(x— ») aa (z — a— 6^:iT[)(x — a+ V^^) =« (« — «)'+ ^7 
and, consequently, 

[e] s» [(x — «)•+ ft2](z — i) (x — 0- 

l^hat is to say, whateyer be the nature of the roots of [«] a= 0, the 
polynomial [0] is always capable of being decomposed into real fac- 
tors, either of the first or of the second degree. 
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ARTICLE IV. 

Resolution of Determined Equations of (he Third and Fourth 
D&gveeSy having Reed Coeffidentt. 

General ibnnu- i l^^- A OSNEXAL formula expresfiiag any equation 

fenJ of SeS?M 0^ *»»« ^T^ degree, may be as foUows : 
degree. a:* + Aa:^ -f. Bx + C = (r). 

Now we haye seea (100) that eqnatioiis of any degpree can be eleared 
of the second term« and (r) can beeome 

Which being tesolved, we may obtain the roots of r, by taking - 

o 

from each of the roots of (r-'), for (r^) is deduced from (r) by substi- 
tating z-' or « + -^ instead of x. 

A A 

Now, from x^ ss x -f- »» ^^ hxf^ also x si x^ — g, which, if sub- 

Btitnted in (r), will give us the equation, 

X^ + Hx^'+KasO, 

A* A* 

m which x^ is the same as the x of (r) and HasB — -rr-, Kas-^ 

A' AB 
'-^^ ^ -f"^- Butwh^i the coefficient H and the term k are 

Jit o 

thus detei*mined, it is immaterial to call the Tariable either x or x^, 
since the roots must be such as to correspond to H and E; we may 
therefore use (r^) as well as the last equation. 

Observe also, that the formula (r^) is as general as (r) ; and 
since the resolution of (r^) gives the resolution of (r) also, all that 
we may say with regard to the resoliition of (r^) can be applied to the 
resolution of any equation of tiie third degree. 

Roots of the J 105. Since the degree of the equation is an uneven 
ticmof thethrrd number, the equation (r^) =s contains certainly (96) 
degree. ^^e real root at least; the other two will be (103) either 

both real or both imaginary. Calling, therefore, h the real root, and 
the other two i and 2; the equation (r^) sss will be (98) equivalent to 

(j:_A)[(x_,-)(«-i)] = 0, 

in which {x — •)<» — i) — i* — (« + l)x + fl. 

1«" 
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Again, (r^) does not contain the second tenn, which supposes (99 . r) 
equal to lero, the sun of the roots of (r^) as 0; that is^A+t-j-ZasO; 
and consequently, A ^ — (t-j- Q* 

To find out the qnality of the roots t and Ij make — (t-{- 1) ^ 2a and 
tl as 0* — dc; or, which is the same, make 

As2a, (x— i)(z — Z)s=z*+2flx + a«— 8c, 

which Tallies being sabstitated in (r^), or 

(x«A)[(x-t)(x-0]=.0, 

we will haye (2 — 2a)(z* -f 2ax + a^— 8e) a 0, 

or x> — 8(a3+e)x-f6ae — 20^83: 0; 

and consequently, 

H = ~8(a«+e) ^ 

K= 6ac — 2<^ J^-'-'' 

Resolving now the equation 

(x_,-)(x_-Z) a- z«+2ax+ (a«— 3c) =.0, 

we haye (93) • t s= — a -|~ \/^ 

Z SI — a — \/Set 

which are either real or imaginary, according as e is positive or nega- 

tiTe. Now from H and K that are given, and from the equations (/), 

we may find out whether c is positive or negative. 

The equations (/) may be changed as follows : 

H ^ K ^ ^ 

-=x— a»— c, -ss5 3ac — a», 

from which H* ^ « ^ « » . 

27 

~»=:9aV — 6a«c+a«; 

and consequentiy, 

as — <;(9a< — 6a^ + <^), 
= ~<8««-c)2. 

Now (8a* — c)« is essentially positive. When, therefore, x^" 97 *" 

positive, the factor e of the second member must be negative, and 
when the same binomial is negative, the factor c must be positive. 
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Bat when e is posiliYe, all the roots of (r^) ^ are real. Henoey 
tho roots of the equation, 

/H\' 
are all real when the cube ( o" ) of one-third of the coefficient of x, 

plus the sqnare of one half of the last term, give a negatiye sum ; if 
the sum is positiye, then two of the roots of (r^) ^ are imaginary. 
Let ns apply the criterion to the following examples : 

(1.) r» — 8x+.52«0, 
(2.) z»-.19z+80 = 0, 

from the first in which H as — 8, K as 62, we haye 

^ + jj^« 676-1 -+675. 

The sum is positiYe ; therefore, two of the roots of (1) are imaginary ; 
and, in fact, the roots of this equation are 

z» —4, a; = 2 + 8v/=l, z = 2 — 8^/=!. 

From the second in which H =a — 19, K ss 80, we hare 

^ Hf 6869 784 

4 + 27 "* 27 "" "27 • 

The sum is negatiye ; therefore, the roots of (2) are real, and in fact, 
the roots of this equation are 

z a= 2, z =s 3, z = — 6. 

Beflolatkm of { 106. It remsdns now for us to see in what manner 
th6 same g^D9^ 
nd equation. these roots, either real or imag^inary, may be found and 

determined. 

And here obserye, that to haye any quantity exactly determined, it 
Two conditioiM ^ ^^t enough to haye it explicitly giyen by a function 
tequired. ^f other quantities which are known; but it is neces- 

sary, besides, that the function itself be reducible to a determined and 
explicit yalue. Thus, for example, in the equation 

z = ,y2X5, 

we haye the unknown quantity z explicitly giyen by a function of a 
known quantity. But this function can neyer be exactly determined, 
for ^/20 is an irrational number. And more generally the unknown 
quantity explicitly giyen by any function of known quantities follows 
the nature of the function ; and in cases in which the yalue of the Amo- 
tion could not be determined, either exactly or in any way, the unknown 
quantity also would remain undetermined or altogether unknown. 
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TiMintooii- Now with regard to ike resolution ef o«r general 
fuimied^^^bat oquatioo, we can always obtain the Tuluea of &e roots 
not the second, explicitly given by a fonction of H and K, which are 
known quantities ; but the functiosn itself ia not reducible to a definite 
term, except in some cases. 

Let us first see how the first condition is always yerified. 

Take with the general equation^ 

x3+Hx+K=xO (rO, 
the other of the second degree^ 



^•+lU^(|)=«0(f/0, 



haying for the coe£Scient of t the last term of (r^), and for the last 
term the cube of one-third of the coefficient of z in {r'). Now the 
equation (r^^) can be resolved, and calling z„ a^ its roots, the roots also 
of (r^) will be given by the different values of the binomial . 

In fact, the equation (r^) :s is fiilfilled when the binomial zf-^ z^ 
is 'substituted instead of x. To see this, make z^ «, z^ ^v^ or 

and the substitution of this binomial being made In (rj we will have 

(„+r)3+H(t*+i;) + K. 
Now from the equation {r^^) we have (99) 

that is, H =: — 3uv, 

and substituting these values of H and E in the last formula, it will 
become (m + vf — 8u»(w + ») — («'+ t;9), 

which, if (u + r) is a root of (r^) = 0, must be equal to zero. Now 
evolving the first and second terms of this trinomial, we have 

ti> + 3M«» + 3ttt;*4. »3— 3m*» — 8tto2 — u« — »3»0. 

Hence, the binomial u-\-v or zfi -\- z^ substituted in (r^) fulfils the 
equation, and zj -f* '% ^ & i^t of the equation. 
But 9i^ ^ g^ admits of different values, some of which must be 
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excluded. That is, all those values, and only those, which make — (ifi 
•4- 1;3) ss E and — Zuv s= H, will make also w+ v ss a root of (r'j. 

From the equations u =s z^^, v ^ 2^', we have also 
but -^Fhas the following different valaes: 

because each of them, raised to the third power, gives 1. 

Therefore, u and v admit each of three different values; that is, the 
three values of u, are 

.and the three values of v. 

Now among these values those only may be used from which we 
obtain — (w* + r^) = K, — Zuv =s H. The term K will be always 
obtained in the same manner, whatever be the values chosen for u and 

V ; since, in all cases iiS •{- ^ = ^a -(~ ^« ^^^ — (^i-\-^%) = ^ l l>^t 
with regard to H, not all the values of u and v can give it, but those 

only whose product is 2?z^, Now this product is obtained in the 
three following manners only : Multiplying the first value of u by the 
first of V ; the second value of u by the third of v, and the tiurd value 
of u by the second of v. The roots, therefore, x^, x^ x^ of (r^) =ss 0, 
will be represented as follows : 

_ ^1 + Zi^^ ^^ , ^1-3*^/^-1 ^^ 



2 



^ = o ^t + 



'■% » 
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are the e jLjiif— iw of tke One rooli of tiw geMrml eqntioa 

(r^ of tiie tiiird d^ree, in wUcli flie coeffidents of 2^' and 2^' are 
cither eqaal to mmtj ^t f£ mn anapnaiy fenn. Witk reg?u€ to 2^ 
end j^ wlueh mre the roots of (K^) =: 0, we haye their Tallies (93}, 
aslUknrs: 

K^ /7BY7T- 

imaijnarjr or real, accordingly as the binomial under the radical mgn 
is either negatire or positiTe. Bat from the criterion given in the 
last nnmber, when this same binomial is n^atiTe, the roots of 
(y^ SI are all real, and when the hinowial is posltiTe^ two of tibfe 
roots of (r^) ib are imaginaiy. That is, when the roots n/t (r^^) sre 
imaginary, aH the roots of (K) are real; and when tiie roots of (r^^) are 
real, two of the roots of (K) are imaginaTy. Again, wheneyer the 

— ) -|- 2": is not equal to lero, and all the roots of (K) =s 

are real, they are excItasiYely giTen by terms and factors of sn imftgi^ 
nary form. 

;..From an this, it follows- Ihai the roots of the eqifltlioa (r^) may be 
f^ways given by explicit -f (motions of the known terms H and E, and 
the lirst of the two coEK^ons is, consequently, fulfilled in all cases. 
But we-^ill see, by some examples, that the fdnctions themselves are 
not always .i^acible to explicit and definite values, which is the 
second conditiofi'^4>e fulfiHed to have the equation (KJ completely 
resolved. 

— j -f- -J = 0, the roots of (r'^) are 

real and equal to each other; namehr, 

K 

The roots also of (r^) are all real, and two of them equal to eadi 
other: that is, _ i 

X. 2(2). 

and consequently, — x^ ss, K-f*^** 



(1.) z«— 6x2 + 3x+20 = 0. 
(2.) z»+3x — 14 = 0. 
(3.) ar.~122 4-16s0. 

The first of liiese equations is to be cleared of the second term, 

6 
irhich is easily done hj snbstitiitiiig (104) a/-^ qi ^^ '^4" ^y instead of 

X, In this manner, we irill have 

(x^+ 2)« — 6(x^+ 2)* + 8(x^+ 2) + 20 = 0, 
or x'« — 9x'+ 10 s 0, 

containing the roots of the given equation (1), but diminished each 
by tiie number 2 ; fbr from x =s x^-f" ^» ^^ follows that x^ ^ x — 2. 
Hence, after having found the roots of the last equation, it is enough 
to add to each of them the number 2, to have the roots of the given 
equation (1). Now» to resolve the last equation, let us compare it 
with the general equation (r^), and we will have 

H«— 9,K»10; 

Md therefore, K _ H 

2=5, 3 =-3; 

hence, (5) + ^=,-2. 

The binomial being negative, the roots of the equation are all real. And 
with regard to these roots, we have first, from the preceding number^ 

Hence, («,)* = (- 5 + >/=^)* (;?,)* = (- 6 « y/==^)K 
which are to be substituted in the values of the roots Xj, x^ x,. But 

before making this substitution, lei us reduce (2,)' and (2^)' to a 
simpler form» as follows : 

Make — Sdb^::::^^ » (ydbv/=:i2)« 

» ys db3yV=^ — % =*= V^» 
= j^ -, 6y zfc (3y« - 2)^/=^, 

which comes to the same as to take 

j^— 6y = — 5, 
. $y*— ? =5=1. 
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Now from this Uust we have y* as 1, and consequentlj. 

But since the positiye ralae of y alone substituted in y* — 6y makes it 
equal to ^>5, therefore -f- 1 is ^o oi^7 admissible yalue for y\ hence, 

- 5 =t v/:=r2 = (1 d: ^/=:^)» ; 

and consequently, , 

and t^ ^ l-f^irii, z^^ i^^/IZZ; 

hence, also a:t ss 2, x^ss — 1 — y/^, x, ss — 1 -{- \/^i 

and consequently, adding 2 to each of these, we will haye, for the 
roots of the given equation (1), 

4, 1— -vA 1+v^. 

0«n«ral re* ^^ ^^ remark here that since the last term of the 
B'*'^ equation is the product of the roots of the same equation 

(99 . r), we may succeed in finding the roots among the factors of the 
last term, by trying if any of them fulfils the equation. Thus, among 
the factors of the last term 20 of the preceding example (1), there is the 
number 4 which f^ilfils the equation ; to. find the other two, divide the 
equation by z — 4, and we wiQ have z* — 2x — 5 s=s 0, which, resolved, 
gives X ^ — 1 db y/8. 

The observation just made is general ; that is, applicable to equa- 
tions of any degree. 

_^ J 2. ^^® equation (2) does not contain the second term ; and 
consequentiy we may inunediately compare it with (r^), 
from which comparison, we have 

HssS, E»-.14, 

and 4" +27 "^ ^' 

The binomial is positive ; therefore two of the roots of the equation 
are imaginary. With regard to z^ and z^ we will have 

and making 7 db 6y^^ (y ± v^' 

= (y»+6y)±(8y«+2)v^ 
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cr, which is the same, 

y» + 6y = 7, 8y«+2 = 6, 
we haye from the last ys =s 1 ; 

that is, y ^ =b 1, 

but since -f- ^ ^^7 fulfils the other equation, 

and consequently, 7 dtz b^/2 as (1 db y^*, 
and ar,* = 1 + ^J, 2,* a= 1 — y/^". 

Hence, a;js=2, x^ss — 1+V^B"^/^^, z, = — 1— y^V^^-^i 
for the roots of the equation (2). 

The last equation (3), compared with (r^), gires 
SzampleS. H = — 12, K=16; 

/H\' B? 
hence, (^-j + - = — 64-f 64 = 0; 

therefore (i06), 2^ =s 2, ss — 8, 

and ar, BBS — 4, x, a= ar, =5 2, 

for the roots of the equation (8)* 

EQUATIONS OF THE FOURTH DEGREE. 

Besolotionof i ^08. The preceding method to resolTO equations of 
toe*^^°d? the third degree is applicable, witii some modifications, 
gree. ^Iso to those of the fourth degree. The following, 

x4+Ga*+Hx+K = (y), 
is the general formula of the equations of the fourth degree, cleared 
of the second term. To resolve it, take the equation, 

^+2^Vl6-4>-64^^ (^) 
of the third degree, together with {q), and let the roots of (q^) be 
called Zxy z^, 2%* 
The roots of {q) will be given by the addition, either positive or 

negative, of z^, v , Zt*, and the difference between the same ex- 
pressions, variously taken. To prove it, observe first, that (99 . r) 






15 
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Fromidiieli, takmg 

itar,'»tt, dbVssv, dtzgissw, 
we]i«T8 ..... G 

and from these 

K 8= ti< + r« + IT* — 2ti«»« — 2tAs» — 2»^M*, 
H 88S Su9w, or H ^ — Sttvw ; 

but let us take the signs of the fkctors u, v, w ia. such a manner as 
to haye H as= — Suvw, 

Substitating now in (q) the yalues of G, H, K, given by the last 
equations, we have 

x* — 2(w« + 1;» + «K»)i* — SwtKt 

+ tt4+ r«+ tt7«-.2»V — 2»«w« — 2»^p» = 0. 

Now making in this equation (which does not differ from (q), except 
in form) ;r =s « -(~ ^ 4" *^» ^^ ^^^ member becomes zero, and the 
equation is resolyed ; x, therefore, equal to u -{• v •]- w, is the root of 
the equation (q). 

But H is either positive or negative : in the first case we may have 
H sss — Suvw, taking u, v, tc in four different manners, as follows : 

tl=s+V^^, Vss+v^^, toss— v^ 
U 8S 4-v^, r s=^v^ Wss + v^, 
U :sss^^tj «^ == + y/^ W = + v^,, 

Hence, when H is positive, the roots of the equation (q) are 

re, = — . y/zT + >/^ + \/^ a;4 = — -sA — v^ — \Ai. 

When H is negative, we may likewise have H r= — Suvw in four 
different manners, ta]ung the values of u, v, w, as follows : 
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And the roots of the equation (9) Are in this case, 

a?, SB—V^— -V^^ + v/^ ar4 = — -^ + y^^— -^ 

The addition, therefore, either positive or negatiye, of zf, ^,", jr,*, and 
the difference of the same expressions, give the roots of the equa- 
tion (j'). _ 

Qualltr of the ^* ^'^ ^^^ eyident that when y/z^y v^ >/^« *''*' 
roots: how found real expressions, their sum, either positiye or negative, 
and their differenoe in whatever manner it is taken, 
mQ always give a real result, and consequently, real roots. On the 
contrary, when one or more of the radicals are imaginary, the saxtt^ 
results from addition and from taking their difference will be likewise 
imaginary, unless the imaginary terms be mutually destroyed. Hence, 
to know when the roots of (g), or at least some of them, are real 
and when imaginary, it is enough to know whether the radicals 
V^«» v^w v^« *'® ^^^ ^^ imaginary. 

Observe, now, that from the third of the equations ($^0» ^^ ^vf^ 

, /H\\ 

that is to say, the roots of {^q') give a positive product ; but the posi- 
tive product of three factors cannot be obtained, unless one of them is 
positive, and the other two both real and positive, or both real and 
negative, or imaginary. When z, is positive, and the two remaining 

roots of (f ^) also real and positive, the radicals y/z„ y/T^ y/z^ are all 
real, and likewise the four roots of {q). If 2^ is positive, and the two 

remaining ^i, z^ real and negative, then the radical ^/z^ is real, but 

the two y/z^ \/z^ are both imaginary ; and consequently, all the roots 
of {q\ or at least two of them, are imaginary ; for when z^^stz^ 

-(- y/z^ — y/z^ as ; and therefore, in two of the preceding values 
of the roots of {q) the imaginary terms must disappear. If 2^ Is real, 
and the other two roots of {q^) are imaginary, first, «» must be posi- 
tive ; because, supposing h -J- ky/ — 1 to be the form of ?«, the form 
of «, (102) ought to be A -^ k^^^ ; hence, 2^ . 2, (sai*^ -f !;•) is a 
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positire product ; and, consequently, ar,, 2^ z, cannot be positive un- 
less Zi is positive. Secondly, in this case, two of the roots of (q) will 

be real and two imaginary ; because (h dtz ky/ — 1)* is equivalent to 
an imaginary expression of the same form (102) : for instance, a db d 

y^ — 1 ; therefore, in those values of the roots of (q) in which \/z^ 

^/z^ are taken with the same sign, the imaginary term b^-^^ dis- 
appears ; hence, two of the roots of (q) are real and two imaginary. 
^^ 2 109. To resolve now the equation 

x< — 12x» — 16.3*z — 16 = 0, 
compare it with the general equation (q). We will have 

G ass — 12, H = — 16. 3*, K « — 16. 

Hence (q^) will be 

23 — 62?+ 13^ — 12 = 0, 
whose roots are 

, , , 8 + 7V:ri 3-7^:^ 

z, ss o, Z, ... 2 , Za ss 2 

Now, (L^^^l)' ^\{7±z2. 7 V- 1 - 1). 

= J(6=t2.7V=^)» 

Hence, 

4 

V — 2~»'^''=Vv — 2 — /= 2 

Now H the last term of the given equation is negative; therefore, 
the formulas giving the roots are (108) — 

X4 ass — y/ar, -\- y/z^ — y/z^ 



3-h 7V=n : _ ^ _ J/7 *4-^z=T >' _ 7*-hv^:rT 



2 ory/r^^y y 2 / 



-7V=^ ^- //^^-^/^tV 7^ — ^:=:T 
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Hence the roots of the given equation : 



CHAPTER 11. 

RATIOS,' PROPORTIONS; AND PROGRESSIONS. 

Division of the § 110. RATIOS are the elements out of which 

chapter: dofini- 

ttons. proportians are made, which are either simple^ or 

compound, or continual. 

The terms of a continual proportion form a progression. 

Now ratios are of two different kinds — namely, ariihmeti' 
cal and geometrical. Hence the corresponding proportions 
and progressions are likewise of two different kinds, distin- 
guished from each other by the same appellations, viz. : arith- 
metical and geometrical. The present chapter, therefore, may 
be conveniently divided into two articles ; in the first of which 
we will treat of arithmetical, and in the second, of geometri- 
cal ratios, proportions, and progressions. 



ARTICLE I. 
Arithmetical Ratios^ ProportionSy and Progressions. 

Deflnitiona § ^^^' RATIOS. — The difference a — h between 
wd property. ^.^^ quantities is called also arithmetical ratio, 
and the first of two terms is called antecedentj the latter, con- 
B$gueni. Now a — by which we may express also by dy is 

16* 
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such, that if we add to both tcnns or take from them the 
same quantity, the ratio or difference d is not changed. 
Hence, generally, 

7%€ (emw of any arithmetical ratio may he increased or 
diminished by any quantity q without changing the ratio it- 
self. 
Simple arith- § 112. PROPORTIONS. — ^Two or more ratios 

metical propor- ** 

uong. equal to one another form a proportion ; for in- 

stance, a — b := a' — &' is a simple arithmetical proportion, 
which is either written with the sign of equality between the 
ratios, or more commonly as follows : 

a — b .'. a* — V ] 

and we read it a is to 2» as a' is to 5' ; that is, the sign — 
stands for is to, and ,\ for as. 

The terms a and b'j the first, namely, and the last, are 
called eodremeSy and the two remaining m^ean terms; and since 
from a — b =^ a* — 6', we have 

a + &' = a' + 5, 

so also in arithmetical proportions, 

The sum of the extremes is equal to the sum of 
the mean terms. 

And since from any equation, like a -{- i' == a' -|- 5, we 
deduce a — b = a' — &', so, vice versd, 

Whenever the sum of two term^ is equal to the sum of two 
other terms, the four terms are arithmetically proportional. 

When the mean terms of the proportion are equal to each, 
other, the proportion becomes 

a^b = b — b', 

from which 26 = a -|- 6', and 

. = «-+£. 

The term b is called mean arithmetical proportional be- 
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tween a and &', but h is giyen by — ^- — ; hence^ to find out 

the mean arithmetical proportional between two given terms 
m and Uj it is enough to divide their sum by 2. 
€k>ntinna]aD<i The proportions having the mean terms equal 
portions. to oue another^ are called also continual propor- 

tions. 

Let now different arithmetical proportions be given^ as fol- 
lows: 
a^'h=^a! — I/, c — d = (^ — cf, e — /= e' — /'. . . . 

It is easy to see that we will have also 

(a + c + e + ....)—(& + ^+/+ ....) = (a'+ </+«'+.. .) 

which is a compound proportion of those given. The ratios 
also, for the same reason, are called compound ratios. 
Terms of an §113. PROGRESSIONS. — A . progression, as wo 

nnlimlted pro- .-ii-i.-" iii 

gr«86ion. have said already^ is represented by the terms of 

a continual proportion. 

Let now a continual proportion, containing an unlimited 
number of ratios, be given as follows : 

a-.h = b — V = V—U' =5"— 6"'= &c. ; 
in this case a, 6, V, 6", V", &c., 

are the terms of an unlimited arithmetical progression. But 
the general formula of any such progression may be differently 
expressed. For since the difference is the same for every one 
of the ratios a — h,h — 6' .... , the binomials also h — a, 
V — 6 . . . . must all give the same difference. Calling d this 
last difference, we will have 

6 — a = ^, y—h = d, W^h' = d 

But from these equations we have 

h = a -^ d, 
6' = 6 + ^ = a + 2J, 
6" = ft' + ^ = a + 3^, &c. 
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Hence the terms of any arithmetical progression^ from the 
first to the n^j may be generally expressed as follows : 

Genend fcr- a, a -f" ^j **-H~ 2^) ^ "4" ^^i ) (i\ 

With such a form given to the terms of the geometrical pro- 
gression, it is easy to obtain the sum of any number of its 
terms, commencing with the first ; for instance, the sum of all 
the n terms as above. Observe, in fact, that the sum of the 
first and second terms, is 

2a + (n — 1)^; 

but the same is the sum of the terms a-j- d and a-\- (n — 2)^^ 
that is of the second term, and of the term before the last; 
and the same is that of the third term, and of the next term 
before the last, and so on. 

Suppose now, that the number n of the terms is an even 

number, we will evidently have ^ sums, and each one of them 

equal to 2a -{- (n — 1)^ ', and therefore, the sum of the sum 

n 
of the whole progression will be ^[2a + (w — 1)*]. 

But let n be an uneven number, then in the progression 

there will be a central term, having — ^— terms before, and 

- -J- — terms after it. These terms, added respectively to one 

another, as above, will give ^-^ — sums, each equal to 2a 

-|- (« — 1)^; and consequently, the sum of the n terms of 

the progression, with the exception of the central one, ia 

^ 1 

— - — [2a + (w — 1)^]. But the central term, added to it- 

self, must give the sum 2a -(- (n — 1)^, as the equidistant 
terms do wheu added to one another ; therefore, the central 
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term is eqaal to opa + (» — 1)^]- Hence, the sum of all 
the n terms of the progression, is 

!izd[2a + (n - 1)^] + \\2a + (ii - 1)5] ; 

that is, ~[2a + (n — 1)5], 

expressed, namely, in the same manner as when n is even. 
Henqe, generally, whatever be the number n of the terms of 
the progression, their sum is given by the formula, 

Sum. S = 5[2a + (w — 1)5]. 

That is, to know what the sum of n terms of the arithmetical 
progression is, it is enough to know the first term a, and the 
difference 5 between two successive terms : for 2a -|- ('* — ^)^j 
multiplied by one-half the given number n, gives for product 
the required sum. 

Let us see an example. Suppose a clock striking 
the hours and the quarters in this manner : The 
hours alone, and the quarters also alone ; first one, then two, 
and lastly three. Hence, 7 will be the number of the strokes, 
from the first hour, or hour one to two, and 8 will be the 
number of strokes from two to three, and then 9, and so on. 
How many strokes are contained in 12 hours ? The num- 
ber n of the terms is 12, the first term a is 7, and the dif- 
ference 5 between two successive terms is 1 : therefore, the 
sum of the number of strokes in twelve hours is 

8=6(14+ 11) = 160. 

But suppose that the hour is repeated each time when the 
clock strikes the quarters, and that it strikes four quarters 
before each hour. From the hour one to two, including the 
four quarters before the hour, we will have 14 strokes; from 
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two to three, 18 ; and then 22, and so on. If, therefore, we 
ask the sum of the strokes in 12 hours,' it will be given by 

S = 6[2.14 + 11.4] =432. 

How and when When the first and last terms of an arithmetical 
prwnSSonmay Progression are given, and their number is also 
be found. given, we may find all the intervening terms. 

For let a be the first given term, and u the last, and let n be 
the given number of terms. The form and value of the iast 
term u is from the preceding (f), 

u = a -[- (n — 1)^, 
in which equation u and a and n are known, and conse- 
quently d is easily found : and since from the same (^) 
a-}- d, a-{-2d .... are the intervening terms between the 
first and the last, they also are all equally determined. 

Let, for instance, the given values be as follows : 

Example. o ^■i>i e 

from u= a-^ (n — 1)^, we will have 

14 = 2 + 4.^; 
and consequently, ^ = 3 ; 

hence, for the intervening terms between a and u, we have 

5, 8, 11. 



ARTICLE n. 
Geometrical Ratios, Proportions, and Progressions. 

p^y!*'""* § 114. Ratios.— The quotient ^ of two quan- 
tities a and h is called also their geometrical ratio, and a the 
antecedent, and b the consequent of the ratio. 

Whenever a ratio is mentioned without adding the quality 
<)f arithmetical or geometrical, it is always understood to be 
a geometrical ratio. 
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Multiplying now both terms of t by q, we will have 

a,q a 2 a^ 

b,q b' q b' 

and dividing the same terms by q, we have 

a.b a q a 

qq'^b'q'^ l^ 

that \&y The terms a (md h of the ratio y can be mtUttplted 

or divided by the same quantity q without changing the ratio, 

vtriaUerdUofl §115. The terms of a ratio may be either 
eiprooai terms, constant or variable, and when they are variable 
they may vary with a certain dependence on one another, or 
not. If they vary independently of one another, the ratio 
itself is variable. But with changeable terms, depending on 
one another, the ratio may be constant Suppose, for example, 

1 
m 
and in this equation m to be constant. It is evident first, that 
for any change of x, a corresponding change must be made in 
y. Call y the value to be given to y when x is changed into 
a/, and f/' the value to be given to y when x is changed 
into a/', and so on. Now, generally, whatever be the values 
of X and y^ from the given equation we always have 

X 

— = fH« 

y 

Although, therefore, the terms x and y are variable, their ratio 

X* aj" 
m is constant, and -j) -rfy • • • • ^^^ ^® ^^ equal to m. Now, 

Whenever two variable quantities are so connected together 
as to give constantly the same ratio, they are said to vary 
together directly. 

But taking - = —x 

® y m 
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in the same sapposition of m being constant, and x variable 

together with y, whatever be x and y, we will always have 

1 
x:- = m: 

y 

that is, x.y = m. 

The terms x and y, therefore, vary in this ease, in such a 
manner as to give constantly the same product. It is then 
plain, that one of them cannot increase without a corre- 
sponding diminution in the other, and vice vend. Hence, 
generally. 

When two variable quantities are depending on each other 
in such a manner as to give constantly the same product^ they 
are said to vary inversely or reciprocally. 

It is to be observed here also, that since 

1 
aj.y =:a:: -= m, 

^ 1 

when the variables z and y vary inversely^ z and - vary 

y 

directly. 

Continual geo- 2 ^^6* ^^ h.Vi'^^ seen (66) that irrational numbers are 
metrical ratios, those limits to which an indefinite series of rational 
numbers of fractional form may constantly approach. So, for instance, 
the square roots of 2 and 3 are such numbers contained between 1 
and 2, which cannot be exactly determined, but to which an indefinite 
series of rational numbers contained between the same limits may con- 
stantly approach. 

Now all the numbers, both rational and irrational, contained within 
the limits 1 and 2 form a continual series ; and if we conceive the 
number 1 to be successively changed into every one of the terms of 
this series, proceeding orderly from the first to the last, the number 
1 would be said to increase continualli/, or to increase by degrees 
smaller than any assignable quantity. 

Upon this, let z and y be two quantities depending on each otner 
in such a manner that when z becomes 2z or Sx, &c., y also becomes 

XX y y 

2y, 8y, &c. ; and when z becomes -, ^, &c., y also becomes »> n> • • 

With regard to these variables x and y', we say that 
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Propositioa If z chanffes constantly, y also wiU chance, conturaallj 
anditedemon- , . . , 

ctration. keeping pace with x. 

Let, in fact, m and m^ represent any two whole nnmbers : we will 

have y changed into yn^y, when x is changed into m^x; and if in m^x, 

X y 

we change x into — , in mfy the Tariable y must become — . Therefore. 

fnf n/ 

when X is changed into — z, y is necessarily changed into — y. Now, 

m m 

m and m^ are any two whole numbers ; hence, — stands to represent 

m 

any rational fraction ; hence, also — may be any of the terms of an 

indefinite series, approaching constantly to some irrational number ^ 
and consequently, if x is changed into fjtz, y also will become /«y. 
^ .. Generally, representing by v and »', any two numbers, 

either rational or irrational, when x is changed into x^ss vx, 
y will become y^ ^ vy, and when x is changed into x^^ a= v'Xy y will 
become y^^ ss v'y. Hence, 

^ _ y^ 

That is, when x and y change together and equally, the ratio between 

any two values is always equal to the ratio between the corresponding 

values of y. 
Directandre- 2 117. Let now y, 2, u, V , . . represent any number 

poun?Tatio«^ ^^ variables, all independent of one another, and let 
Tiieorem. x be another variable, depending directly on each one of 

them, so that, for any value given to the independent variables y, 

X X 

a .... we always have the ratios -,-,.... unchanged. 

Call now P the product y .z,u.v ..,. of the independent variables ; 
this product depends on each one of the variables y, 2, u . . . directly, 
and in the same manner as x. Whatever be, therefore, the values 

given to the independent variables, the ratio p will remain constantly. 

unchanged. That is. 

If X variat directly as each one of the independent variables y, %, 
u, . . . it varies also direeUy as their product. 

We may arrive at the same conclusion in another manner. Since x 
varies directly as any of the variables y, 2, . . . independent of one 
another, if in the ratio 

'- E, 

y .2. ti ... 

16 
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we gite any Tiilae to y, the ratio will oongtantly retain the same yalue 
as B. In fact, the same ratio ean be decompoaed as follows : 

5._J E. 

y ;p. u. . . . 

Now giving at pleftsore to y any ralue, z^u .... suffer no change, 

X 1 

and X varies directly as y ; therefore both factors - and remain 

y z ,u , . , 

X 

unchanged fbr any value whatever of y ; that is, the ratio 



y. z .u.., 

will be constantly equal to the same E, whatever be the value we give 
to y. But the same reasoning is applicable to z, to u, &c. ; therefore, 
whatever be the values given to the independent variables y, z, u . . , 

in the ratio , its value will remain constantly unchanged; 

y»z,u,,m 

that is, X varies directly as the product y . 2 . u . . . . 

-j^j. But if X depends directly on v , v, ... and inversely on y, 

2, .... X varies directly (115) as each of the following: 

1 1 

» » y* Z 

Therefore, it varies directly as their product m.v...- . -... 

u. V . , , , 

^ ; hence, 

y.2. . . 

If X varies directly a« u, v, . . . and inversely as j, z, , . . 

Theorem. U, v . . . , 

it wUl vary directly as the quotient — — '-^-^, 

y » z , , , 

Simple geo- § 118. PROPORTIONS, — Two Of more ratios 

metrical propor- , 11/. . ^ . 

tioDs. equal to each other^ form a proportion; for in- 

stance, a a' 

and this is the general expression of any simple geometrical 
proportion. The manner, however, of writing these propor- 
tions is as follows : 

and we read it a is to & as a' is to &' ; that is, the two dots [:] 
stand for is to, and the four dots [: :] stand for a«. In geo- 
metrical proportions also, the terms a and h^ are called ex- 
tremes, and the other two mean terms. 



we have 
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Oeneni pio- From the proportion equiyalently represented 
by the equation 

a a' 

a y__i^ h 

and consequently a .}/ ^= a' ,h. 

That iS; in geometrical proportions^ 

The jproduct of the extremes is equal to that of the mean 

terms, 

a a' 
But from a \h' = a' .hire have likewise^ ^ = t, • Hence, 

o a 

When /aur terms a, b, a', V are svuih that the product of 

the first hy the last is equal to the product of the other two 

termSy the four terms are yeom.etrically proportional. 

Continual and Suppose now that the mean terms are equal 

oompound pro i i ■• .111 

portions. to each other, then we will have 

a : 6 :: & : 6^; 

and consequently, l^ = ah'y 

that is, 5 = j/oT^. 

h is the mean geometrical proportional between a and b'. If, 
therefore, a and h' are given, to find out their mean geometri- 
cal proportional, take the square root of their product. 

Such proportions also, having both mean terms equal, are 
called continual proportions. 

Let now several proportions be given, as follows 

a a' c d e ^ 

h^v'd""'dt'f""f' 

We have from them 

ace e^ (f e^ 

b'd'jr'^'"^V'l f"" 

And consequently 
(a.c.6...) : (b.d.f,..) :: (a'.cf .e^. . .) : (h' .d! .f . ..) 
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That Uf If the first terms of several or any nuwher ofgeO' 
metrical proportions he multiplied together ^ and likewise the 
second f thirdy and fourth termsy the products are proportional. 
The ratios and the proportion itselfi made out of these pro- 
dnctSi are called compound ratios and compound proportion, 
oiberiwoim^ § 119. Ftodi a I h II of \ h' . ot from 

ti«t of gill— "^ ' 

tiieil pnipoiw a a 



we have — — ^ , 



aft 

that isy aia' iih ih\ 

Hence the terms of any geometrical proportion are such, 
that 

The antecedent of the first ratio is to the antecedent of the 
second ratio as the consequent of the first is to the consequent 
of the second ratio. 

Again, from the given proportion or equation ^ = ^. we 

h h' 



have — —. , 

a a 



that is, * h I a :\h' I a\ 

HencCi The consequent of the first ratio of any given propor- 
tion is to its antecedent as the consequent of the second ratio 
is to its own antecedent. 



a a' 



From the same proportion or equation r = 7^, we deduce 
the two following : 

and consequently, 

a + b _ a' + b' a-^b a'-'b' 
b "^ y ' b '^'~^~' 
that is, a + 6 : 6 : : a' + 6' : 6', 

a — b : b :: a^ — 6' ; 2/. 
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In equal manner, since j- = -^j may be changed into - = -y, 

we have b -\- a : a : : b' -^ a' : a', 

b — a : a :: b' — a' : a'. 
That is, the terms of any given geometrical proportions are 
sach, that 

7%e sum or the difference of the terms of the first ratio is 
to the first or to the second term of the sam^ ratio, cts the sum 
or the difference of the terms of the second ratio is to the first 
or to the second term of the same ratio. 

We may observe that in the last proportion b — a \ a \i 
y — a' : a', the differences or terms b — a, V — a', may be 
changed into a — b and a' — 6', the terms remaining still in 
geometrical proportion; for this inversion affects only the 
sign of the ratios, which being equally changed in both of 
them, the equality of the ratios still exists, and conse- 
quently the proportion also. The same observation may be 
made with regard to the proportion a — b ib xi a' — V ilf. 
So that the last inference is altogether general. 

From the proportions or equations 

a + b _ a' +V a-^b _ a'-'V 

b ~ u ' b ~~ y ' 

just inferred from the given proportion or equation t := —, 

a + 6 b a — b b 



we have 
hence, also, 
and 



a!J^V~y'a'^U~y 
a -\- b a — b 



g + 6 _ ff/ + y 

a — 6 "" a' — i' ^ 
consequently, 

a -\-b \ €^ -\-V \\ a — b \ oS — 6', 

a -\-b \ a — b w a! -^-V \(]l — V , 

That is, The sum of the terms of the first ratio of any propor- 

16* 
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iioH is to the mm of the term* of the second ratio, as the dif- 
ference of the terms of the first ratio is to the difference of the 
terms of the second. And 

The sum of the terms of the first ratio is to their difference, 
as the sum of the terms of the second ratio is to their difference. 

These, aod the preceding inferences; are of great practical 



Kunwrlalpro- 2 ^^' ^t the terms of the proportion 

portion* wboM a ' b " a^ • 1/ 

first rmtio U Ir- a . o . . a . ir 

ndoriUc be whole numbers, and let the terms a, b of the first 

ratio be prime numbers to each other. Of the numbers a^, y, the 

first will be equal to na, the second to nb, n being a whole number. 

«/ a' 

In &ct| calling n the quotient — , or making — &s n, a^ may always 

be expressed by na. But na cannot express a^, unless nb expresses 
b^ ; for by supposition, a' a 

and consequently, it a^ ssa na^ b^ cannot be but equal to nb. 

We say now, that n is a whole number ; for from the same equation, 

a^ a ^ 
— ss 7. we naTe 

6 6 6 

Now r by supposition is an irreducible fraction ; therefore, -7— cannot 
o 6 

be equal to the whole number a^, unless (53) the number -6^ is exactly 
diTisible by b ; that is, unless the quotient t- is a whole number ; but 

y a: no, and from this equation, we have r- s: n ; the number n, 
therefore, is a whole number. 

Tenniofany §121. PROGRESSIONS.-^ The terms of any 
granioD. geometrical progression are the same as those of 

any continual proportion. And a continual proportion is 
generally represented hy 

h" V^ b" — ' ' 

or else hy a : 6 : : 6 : 6' : : 6' : 6" : : . . . . 

The terms^ therefore, a, 6, I/, l/\ .... 

are the terms of any unlimited geometrical progression. 



RATIOS^ PROPORTIONS^ AND PROGRESSIONS. 187 

Let U9 /low call k the common yalae of the ratios T} rn • • 

we will have a ,6 " V ,, 

- = A;, ^, = «, ^ — kj &c. ; 

and consequentlyy 

^-^k' ^ — k-k'^^1^' 

hence, the terms of any geometrical progression, from the 
first to the »% may be generally represented as follows : 

n a Of ^ 

' ""' k' T? "" W"^ ^'''^' 
\ 

mSu?*"^ ^^ ^^ ®^®®? (making 7 = «), the general formula of 

the terms of any geometrical progression containing n terms, is 

a, aZj as^j as?, .... aa*"* (/). 

Now the sum of these n terms is easily obtained from the 

known product (63) 

(1 + 2 + 2»+ . . . . + 9r-^)(l — «) = 1 —a", 

1 — a* 
which gives 1 + « -f- 2* + • • • + ^*"* = 1 > 

from which 

1 — 2* a a2!* 
a-\-az + azi»+ ... +a«'^» = a -== -— = -, 

Sumofnterm^, Now, the first number of this equation is the 
fndefin"S uum- ^^^ ^ ^^ ^^^ ^rms (i^); therefore, 

ber of terms. a qj^ 

Suppose now that the numerical value of 2; is a number less 

than unity, it may be represented by a fraction — , in which 

m 

m is greater than r. In this supposition, the last term of (tr) 

will be /r\^m — r m.a /ry^ 

\mJ ' m m — r\m/ 
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Xow, '- — is a constant coefficient, as well as the fraction — , 

' m — r • m' 

bat the exponent n has different values according as the terms 
summed up are more or lees in number. Now the more we 

increase n, the more the power (—) approaches to zerO; and 



m.a / r\* 



with it the whole term '■ — ( — ) . Hence, taking an in- 

tn — r\7n/ 

definite number of terms — that is, supposing the number of 
the terms summed up to be without limit — ^the last term of (<r) 
must disappear, and in this case, 



a 



S = , .... (y) 

1 — z ^ 

is the sum of an indefinite number of terms (r^). 

It is related that the inventor of the, game of 
chess, solicited to ask a reward, answered: Put 
one grain of wheat in the first square of the board, two in 
the second, four in the third, eight in the next, and so on, till 
the sixty-fourth, which is the last. How many grains of 
wheat did he ask ? 

Here we have the geometrical progression, whose terms are 

1,2,4,8,16....... 

which, compared with the terms (t'), give 

CB = 1, z = 2, n = 64. 

Hence, the sum of all these terms is 

1 2** 



1 —1 

In the following chapter, we will see how the power 2*^ may 
be obtained and expressed by an equivalent common number. 

But let, with a = 1, 2 be less than unity and equal to ^ ; 

the terms of the progression in this case will be (r^) 

1 1 1 1 

' 2' 4' 8' ' * * 
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and the sum df the same terms indefiDitely protracted is (0^) 

Hence, 1 + ^ + J + |+ . . . =2. 

How and When The first and the n^ terms of a certain pro- 

the terms of a , , , * 

oertain progrea- grcssion being given, all the other terms may be 
found. found. 

Calling a the first and u the n^ terms given^ we have (/) 
u = as^^y in which equation u, a, n are known elements^ 
and consequently z may be' found. And when z is obtained, 
all the terms a, azy (xsfl .... are likewise obtained. 

Let; for example, the first and fifth terms of a 
certain progression be as follows; 

a = 2, tt = 32, 

from u = as^\ we have, generally, 

a 




that is, z = 

and in our case, since » = 5, 

z = yib = 2 ; 
and, therefore, the terms of the progression are as follows : 

2, 4, 8, 16 .... . 



190 • TREATI8X ON ALGEBEA. 



CHAPTER m. 

LOGARITHMS. 



ExpoDtnttai § ^^^* When the exponent of any quantity is 
quantittes. variable, the power is called an exponential quan- 
tity ; thus, for instance, the power 



«*, 



in which x is supposed to be a variaUe number, is an expo- 
nential quantity. Now a may be either variable or constant. 
Let a be a constant number; if instead of x we take x'^ of', 
a/" . . . . , we will have different powers which we may repre- 
sent by the numbers 2^, z", 2^'' That is, 

a»' =«', 

OP^" = z''', &c. 
And we may evidently conceive an indefinite 

IionrithinB. 

series of such numbers 2^,2''... depeoding^on the 
variable exponent x. Now this variable exponent is called 
the logarithm of the power ; that is, a/ is the logarithm of s^^ 
a/' is the logarithm of 2", and so on. 

But the powers depend also on the constant number a ; for, 
supposing the same exponents a/, af\ , , applied to a different 
constant, for example, to A, all the powers 2^,2''... will be 

changed into others, which we may call ^, Z" ; that is^ 

we will have A** = Z', 

A*" = Z", 

A*"' == Z'", &c. 

Here, also, a/ is the logarithm of Z', a/' the logarithm of Z'\ . . . 
But the change of the constant a into A, changing the whole 
system of numbers to which the same logarithms belong, it 
is plain, that when a logarithm a/ or a/' is given, and the oor- 
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responding number is required, we must first know what is 
the constant or root to which the logarithm is applied as an 
exponent. 

This constant is called the Bctse of the lo£»- 

Baae. . 

rithms. And in the preceding examples, ocf, a/' , . , 
are logarithms of the numbers s^, s/\ . , in the system having 
a for base, and logarithms of the numbers Z', Z" . . . in the 
system having A for base. We may remark also the pro- 
priety of the appellation, since the base is like a foundation 
on which the whole system is built. 

The sign or mark with which logarithms are in- 
dicated, is either the initial log. of the word loga- 
rithm, or the simple letter L And when logarithms belong 
to different systems, to distinguish the logarithms of one sys- 
tem from those of another, we may put an accent to the letter 
I, or change the small I into a capital one. For instance, log. 
or I. being the sign of the logarithms in the system having a 
for base, we may express by Log. or L., the logarithms of the 
system whose base is A. And from the preceding equations 
we will have for the first system, 

a/ = log. s^, ic" = log. 2", &c. . . . 
or, ocf = I. s/y oi* = I. «", &c. . . . 

And for the second, 

x' = Log. Z', x" = L. Z", &c. , . 
or, a/=L. 71 y x" = L, Z", &c.,. . . 

The logarithm § ^^S. It IS wcU kuowu (16) that any number 
^d "uJJJriSS rsiised to the exponent zero, gives 1 for its power ; 
toi^me?a*«Si ^e°ce, a° = A° = . . . = 1 ; that is, w the loga- 
qretema. ri^m of unity in all systems. Hence, 

= Z.(l)==i^.(l)= 

It is also equally known that any number raised to the ex- 
ponent 1, gives the power equal to the number, that is, a* = a, 
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A' = A; . . . . henoe, Unify is (he logarithm of (he hate in all 
systems, Thas we faaye, 

1 ^= I, a = I/. A = • • . . 

FiMltlT« and X 

n|^i^T« logar y^Q haye geen (45) that o~* is the same as —^. 

Theorenu. Suppose, DOW, a to be greater than unity; since 

a^ = 1 and a* = a, the same qoantitj a raised to any posi- 
tive exponent either between and 1, or greater than 1, will 
give always a power greater than unity. Hence, when the 
base is greater than unity and the logarithm is positive, the 
number is likewise greater than unity. 

But if with a > 1 we take a~^ instead of a\ then we will 

have a~' = — = -. Now - is less than unity: hence, the 
a^ a a 

number or power corresponding to a~~^ is smaller than unity ; 
the same is to be said of any other power a'"* in which m is 
taken between and 1, or greater than 1. That is, when the 
base is greater than 1, and the logarithm is negative, the cor- 
responding number is less than unity. From this and the 
preceding inference we deduce the two following : 

When the Inise is greater tJian unity , and the number is 
likewise greater than unity, the logarithm of this number is 
jpositive. 

When the hose is greater than unity, and the number less 
than unity, the logarithm of the member is negative. 

But let the base a be smaller than unity ; then giving to a 
any exponent contained between and 1, the resulting power 
will be contained between a° = 1 and a^ = a. Now all the 
numbers between 1 and a are smaller than unity ; a, therefore, 
raised to any exponent between and 1, gives a fraction for 
power. But if a is raised to any exponent greater than unity, 
the power also will be a fraction. That is, when the base is 
less than unity, and the logarithm is positive, the correspond- 
ing number also is less than unity. 
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Give DOW to a<^l a negatiye exponent^ we will have 
generally ar^ = —; but a*, as we have just seen, is always 

Ob 

less than unity ; therefore, —^^ is always greater than unify ; 

hence, when the base is less than unity, and the logarithm is 
negative, the corresponding number is greater than unity. 
From this and the preceding deduction, we infer also that 

When the base is less than unity^ and the number also is 
less than unity y the logarithm of the number is positive. 

When the base is less than unity^ and the number greater 
than unity, the logarithm is negative, 

when*th?*toS § ^^^' ^^® ^^^^ succcssively for Xy the 
^"ithmettS equation a-= «, x, a; + ^, a: + 2^, . . . , . . . 
progre88ion,tiie ^hich are the terms of any arithmetical pro- 

nambersfarma firession, WO will haVC 
geometrical one. ^ ' 

a* =«, 

Now (42) a'-^'^a^'.a^ a'"'^'' = a'' , a^ = a'(«0^ a*"^" 

= a*(a?y, and making a' = C, we will have 

a'+* = a'C, a*+^ = a'C, a'+" = a«C», &c. 

Hence, the powers z, «', «", a"' .... are represented by the 

terms a*, a*C, a*^f a*C, .... 

which are the terms of a geometrical progression. But the 

same powers are the numbers corresponding to the logarithms 

X, x-{- dy x-\-2d ... in the system having for base any 

number a. Therefore, 

In any system of logarithms, when the logarithms form an 

arithmetical, the corresponding numbers form a geom>etricalj 

progression. 

Useful theo- § ^25. But let us come to those theorems which 

'*°"- show how advantageously logarithms may be used. 

\1 
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Let X and y he the logarithms of the numbers z and v in 
the system having a for base^ we will have 

a* = «, a' = r ; 

and oonaeqaently, a*,aF =^ a"+' =z,v. 

NoW; from these equations, we haye, also 

x=^Lzp y=zLv, x-\-$f= L(z*v)f 

and therefore, L(z.v)=i Iz -\- Lv ; 

that is to saj, 77te logarithm of the prodati is 

eqticU to the sum of the logarithms of the /acton. 

Again, from the same equations, we have 

a* « z 

— = -, or a*^ = - ; 

and consequentlj, x — y = ?.-, 

or, l*~ = Lz — l.v; 

that is, The logarithm of the quotient is equal to the 
""■^^ logarithm of the numerator, minu* the logarithm 
of the denominator. 

Kaise to the exponent c both members of the equation 

a*= z, 
we will have (a*)* = «• 

or a"* = «•, 

and l.ai* = occi 

but from a'= z, we have x = l.z'y hence, 

l,sf = cZ.2 ; 

that is, The logarithm of the power of any number 
is equal to the logarithm of the number multiplied 

by the exponent. 
But if we take the root of the degree c of both members 

of the equations a' = z^ we will have 
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and consequently, Z.a« = - = -a;; 

c c 

now x=:l,z; hence, 

I ^1 

l.z^ or L i/z = -I,z : 
•^ c 

that is, 7%c logarithm of the root of any number is 

Theorem 4. ' «/ >f ^ v 

equal to the logarithm of the number divided by the 
degree or index of the r^oL 

From these theorems we infer, that when the loganthms of 
the numhers are determined in any system, numerical calcula- 
tions become much easier; for multiplications and divisions 
are performed with simple additions and subtractions — ^powers 
and roots are obtained with multiplications and divisions. 
Oommim or The logarithms of numbers have been care* 

ordinary tables 

of logarithma. fully determined, and the common and most use- 
ful system of logarithms is that whose base is a = 10 ; hence, 
the general formula a* = z, in this system becomes 

10* = 2, ' 

and taking in it successively 0, 1, 2 .... instead of x, we will 
have 1, 10, 100 .... for the corresponding number z. 

To find out the logarithms of the intervening numbers be- 
tween 1 and 10, between 10 and 100, &e., it will be enough 
to take the numbers between these limits in a geometrical 
progression, and an equal number of terms between and 1, 
betweea 1 and 2, &c., in an arithmetical progression ; the 
terms of the latter progression will be respectively logarithms 
(124) of the corresponding terms of the geometrical pro* 
gression. 

Now the terms of any progression, either arithmetical or 
geometrical, are the same (113, 121) as those of a continual 
proportion ; and when the extreme terms a and b^ of a con- 
tinual proportion are given, we obtain the mean arithmetical 

term by taking (112) "^ ■ , and the mean geometrical by 



196 TRSATISX ON AIiQEBBA. 

taking (118) y/ab'. Hence, in our case, the mean geo 
metrical term between 1 and 10 is i/10 ( = B, 16 . . . ), and 

the mean arithmetical term between and 1 is — ^ = 5, 
and the numbers, 1, 3, 16 .... 10, 

0' I' 1' 

are terms of two progressions, the first geometrical and the 
second arithmetical ; and consequently, since and 1 are re- 
spectively logarithms of 1 and 10, so ^, or 0.5, is the loga- 

rithm of 3, 16 ... Now, again, taking the mean geo- 
metrical proportional between 1 and 3, 16 ... and between 
3, 16 .... and 10 ; taking, also, the mean arithmetical pro- 
portional between and 0.5, and between 0.5 and 1, we will 
have two more numbers contained between 1 and 10 and 
their logarithms ; continuing in this manner, we may have as 
many numbers as we like between 1 and 10 and their loga- 
rithms. The same may be said of the numbers contained 
within the limits 10 and 100, 100 and 1000, &c., and of 
their logarithms. This method shows well bow logarithms 
of any quantity of numbers may be found ; in practice, how- 
ever, methods more expeditious are preferred. It is yet to be 
remarked that even the method just explained is not neces- 
sarily to be applied to all the numbers ; bat it is enough to 
find the logarithms of prime numbers, for these being de- 
termined, we have the logarithms also of all the numbers 
which can be resolved into factors, and the logarithms of frac- 
tions also. Take the number 15, for example, which may 
be decomposed into the two prime numbers and factors 3.5, 
we will have (125, Th. 1) lib = Ld -j- /.5 ; take the fraction 

7 7 

g, we will have (125, Th. 2) L- = 1.7 — 1.9. But it is not 

necessary for us to dwell any longer on this subject, for 
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copious tables of logarithms are made with most exquisite 
accuracy and with all desirable improvements. 

Constant rar § ^26. Let «, a', a" represent the bases of three 
rioinitae^ different systems of logarithms, and ?., ?.', V* the 
■ygtem. signs of the corresponding logarithms. From the 

equation a'* = r, 

we have, x = Vr, 

But if we take the logarithm of each member of the same 
equation in the system having a for base, and then in the sys- 
tem having a" for base, we will have, 

or, (126, Th. 3,) 

xl.cS = Z.r, xiy(]S = ?."r. 

Substituting now in these equations the preceding value of x^ 
we have, Vr . ?.a' = ?.r, Vr . ^."a' = Z.'V. 

Hence, ^^z=zVr, ,-^7-7 = ^•'»*' 

/.a V a 

And consequently, 

?.r _ Vr _ _ 

U'^V'a! ^•**' 

that is to say, 

The logarithms of any two numhers r, a', divided hy each 
ifther, give constantly the same ratio in all systems. 

Howtheioga- Suppose the logarithms I. of the system having 
•yJtSn may^be ^ ^^^ ^^®> ^ ^® kuowu or determined, and let a' 
th?".^thSJ ^e the base of another system of logarithms V 
of others. which are to be determined; let also n be any 
number. The logarithm of n is known in the system having 
a for base, and unknown in the system whose base is a' ; that 
is, in the equation a'* = n, 

the exponent x(==: Vn) is unknown. But from the same 

equation, taking the logarithms in the system whose base is 

a, we have xLa' = l.n} 

17* 
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and consequently, x 



Ln 



La' 



I } 



but the logarithms L of n and a! are known ; hence their ratio 
alsO; or X, is known. Knowing, therefore, the logarithms of 
numbers in any system, we may from them infer the logarithm 
of any number n taken in any other system ; and consequently^ 
when tables of logarithms are made for one system, we may 
derive from them other tables for any other system of loga- 
rithms. 
Explanatory { 127. Let US resume the two progressions, 

"rS£! 1, 10, 100, 1000 

0, 1, 2, 8 • . . . 

the first representing the numbers, and the second the corresponding 
logarithms, in the system having a s=s 10 for base. 

In the same system the logarithms of all fractions must be (123) 
negatiye, and the following terms may be added to the preceding pro- 
gressions, - 1 11 

1000' 100' 10' 
... -_8, —2,-1; 

so that the number 1 in the geometrical, and in the arithmetical, 
progressions, are the central or middle terms of two progressions, 
indefinite in both ways. 

From the same progressions we see that in the same manner in 
which the logarithms of the numbers between 1 and 10 are greater 
than 0, and smaller than 1, the logarithms of the numbers between 
10 and 100 are greater than 1, and smaller than 2, and so on. In like 

manner, the logarithm of the fractions between rr: and 1 are contained 

between — 1 and zero, and the logarithms of the fractions between 

— : and — are contained between — 2 and — 1, &c. 

GaUing r any number between 1 and 10, since all the numbcnrs be- 
tween 10 and 100 are ten times greater than the corresponding numbers 
between 1 and 10, the number contained between 10 and 100 and 
corresponding to f, will be lOr or cbty and so likewise the next corre- 
sponding number between 100 and 1000 will be IOOf or a%, and so on 

In like manner, since the numbers between ^ and 1 are ten times 
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*ess than the corresponding numbers between 1 and 10, the fraction 

1 f f 

:>etween -— and 1, corresponding to r, is rtr or ~, and the next fraction 
10 10 a 

corresponding to the same r, and contained between jrrr and r^r, is 

TTTTT or — , and so on. 
100 0* 

So that, we may generally represent by <^ any number contained 

between the decades 10, 100, 1000 .... and by — , any number con- 

o 

1 1 
tained between the decadal fractions 1, t^, r^, . . . giving, namely, 

to n any of the numerical values 1, 2, 8 .... . And to represent all 
the numbers, we have a", a**r 

for those above unity, and — , — 

for the fractions. Whatever, therefore, may be said concerning these 
numbers and their logarithms is evidentiy applicable to all numbers 
and logarithms in our system. From the same formulas we infer 
general rules, useful both for the understanding and the use of the 
tables. 

But first observe that the immediate object of logarithmical tables 
is twofold. To point out, namely, the logarithm corresponding to a 
given number, or, vice versdj to point out the number corresponding to 
a given logarithm. 

It is scarcely necessary to say any thing concerning the numbers 

a", — ( SB5 a~^) of a mere decadal form, it being evident that a** is 
equal to unity followed by as many zeros as there are units in n, 
and — is equal to 1 divided by unity, followed by as many zeros 

as there are units in n. And, vice versdy when any whole number of a 
mere decadal form is given, its logarithm n will be a whole number 
containing as many units as there are zeros in the given number. 
Hence, 

When the given whole number N is of a mere 
decadal form, it has for logarithm a number con- 
taining exactly a^ many units as there are zeros in N. ; and 
when the given logarithm n is an exact whole numJber, the 
corresponding member is unity followed by n zeros. 
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It is plain tbat for such logarithms and numbers we need 
not have recourse to the tables, and so also for the fractional 

numbers t^ of simply decadal form, for which^ and for their 

logarithms, we have the following rule : 

Rule 2. When the given fractional number ^tsof simply 

decadal form^ it ha^ — n for its logarithm, containing 
exactly as m^ny units as their are zeros in N ; and when the 
given logarithm — n contains an exact number of units, the 
corresponditig number is 1 divided by unity, follotced by n 
zeros. 

We may observe, that such fractions of simply deoadal 
form may be expressed also by 0,1, 0,01, 0,001 . . . .; and 
using the decimal form instead of that of ordinary fractions, 
the second rule will be modified as follows : 

When a decimal fraction ends with 1, preceded by n ciphers, 
all equal to zero, the logarithm of the fraction is — n. And 
when, vice versd, — n is given, the corresponding number or 
decimal fraction ends with 1, preceded by n ciphers, aUequa4 
to zero. 

Let us now come to the numbers a"?, — , and to their logarithms, 

in which r, we must recollect, is any number greater than 1, and less 
than 10. But a^' ' also, in which o, i represents any decimal fraction, 
is a number, and any number contained between 1 and 10 ; therefore, 
we may generally write yasa*'', 

and in this equation, the exponent o, / cannot be changed except when 
r is changed. Now with y ^ a'> ', we haye also 

and whatever be n, the decimal fraction ^ will always be the same 
when 1 remains the same ; but from a*»'' = a"ir, we have 

And a", r is a number contained between tf^ and €^+\ either a simpl« 
whole number or a whole number with a fraction ^ added to It. 
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In both cases the integral part (let us call it K^) of a" . y must haye 
the same number of ciphers that are in a"; that is, in 

a« . r = N^ A (^0. 
the number of ciphers of N^ is the same as the number of those of 
a", namely, « -f- 1. 

The figures, besides, of the number N^, /\ are the sau*e as the 
figures of f, the first n-^-l of which form the integral part "S^y and 
the other, if there are any, the decimal /\, Now from (x) and 
(\^jf we hare n,J=s ^.(N^ /\). 

And from the preceding remarks, it follows first, that the figures of 
the integral part N^ of N^, A ^-^o one more than the units contained 
in the integral part n of the logarithm, and vice versd. 

Secondly, the figures of N^, A ai"© invariably the same when the 
fractional part ^ of the logarithm remains the same, and vice vers&j 
for the figures of N^, A ^^^ *^^® same as those of jp, and 4 does not 
change except with t. 

Hence, it is enough to know what is the r corresponding to the 
fraction o, / to have immediately the numbers corresponding to all the 
following logarithms, 1, ^, 2, ^, 8, ^ . . . . m, ^, 

and vice versA, when the number is giyen, and consequently, the 
ciphers of r also are given, it is enough to know what is the fraction 
o, / corresponding to t, to find out also the logarithm of the given 
number. 

Now this is precisely that which is given by the tables. That is, 
the first column, marked N, contains the numbers or figures of t, and 
the other columns the decimal part o, i of the logarithms. Hence, 

To find the logarithm when the number is given^ we have 
the following rule : 

When the mimher N', A ^^' g^^^^i icrite n contain^ 
ing one unit less than the number of figures in N', 
and this n is the integral part of the logaritlim. TJien, tak- 
ing Wy ^as an uninterrupted number, add to n the fraction 
o, d, corresponding to the same number, and given by the 
tables. 

The whole number «, or integral part of 
the logarithm n, d, is called the characteristic. 
Hence; 
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» 

The characteristic of the logarithm of any given number 
contains one unit less than the number of figures forming the 
integral part of the given number. 

When the logarithm n, d is given, find in ike 

tables the number corresponding tod; cut off the first 

n -f- 1 figures of this number from the following : the first 

part toUl be the integral, and the rest the decimal part of 

the number having d, dfor its logarithm. 

With regard to the fraction — we may remark first, that since a" is 
. a* 

a number of simply decadal form, like 10, 100, &c., the quotient — 

reduced to the form of a decimal fraction will contain the same figures 
that are in y, preceded by one or more zeros ; that is, as many in num- 
ber as there are units in n. 

Obserre, secondly, that — = a-». r; hence, 

a" 

Now, a*~*. a»»*s5s a— «+».'. Instead, however, of writing expli- 
citly the difference — n -f- o, ^, the same exponent is represented by 

the simple expression n, ^, with the negatiye sign above the character- 
istic, to signify that it does not affect the decimal part J added to it. 
We will have then, 

the two numbers y and ^ depending on each other, as above, whatever 
n should be. But -^, reduced to the form of a decimal fraction, may 
be represented by o, d ; hence, 

o*^' ss o, d; 

that is, _ 

n, / s= 2 (o, d). 

Now, from the tables we may have the ciphers of r corresponding to /, 
or, vice versa, we may have S corresponding to the ciphers of y that are 
in D ; and since, as we have observed, the figures of r commence in 
0, D after n zeros, hence. 
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For negative logarithms and their corresponding members 
or jfractions, we have the following rules. 

First, when the fraction o, B is given^ and its logarithm is 
to be fonnd : 

See how many zeros precede the first fijgure of 
units in o, Dj and write the number n of these zeros 
as the characteristic of the logarithm; taking then from J> 
the number which commences with the first figure of units, find 
from the tables the corresponding d, and add it to the charac^ 
teristic. 

And to find the number corresponding to a given logarithm, 
we have the rule — 

When the logarithm n, d is given, write first as 

Rule 6. , , . , t 

many zeros as there are units %n n, separaMng with 
a comma the first from the others; then add to these ciphers 
the number corresponding to d, as given by the tables. 

We may observe, that the logarithms of fractional numbers 
are differently expressed by different writers. We have ex- 
pressed them by n, d. But when n = 1, or 2, &c., others 
express these logarithms by 9, 8', 8, 8, &c. But this manner 
of writing such logarithms is somewhat ambiguous, and we 
may say partial. For this reason we have preferred to make 
use of the above-mentioned expression. 

Application of § ^28. The practical application of the preced- 
logarithms. jjjg j.^|gg ^^g^ Y)e left entirely to the direction of 

the teacher, and to the diligence of the pupil ; since any at- 
tempt to apply them without having logarithmical tables at 
hand would prove altogether useless. 

To give, however, some idea of the useful application of 
logarithms, let us observe that exponential equations can be 
resolved by means of logarithms. That is, those equations in 
which the unknown quantity is the exponent of some other 
quantity ; as, for instance, in 
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in which equation x is the unknown quantity. 
Applying the logarithms^ we will have 

hence, (126, Th. 2, 8,) 

Ic -^ Ih = LI — Iq^'^^ = ;.l — (a; — 1) Iqi 
and since /.I = 0, 

Lc — l.h = (x — 1) l.q ; 

from which 

- l.c — l.h 

a;—l= — = , 

Iq 

and l.c — Lh , - 

l.q 

Let another exponential equation be as follows : 

rHiv=io 

Vioo/ 

Taking the logarithms, we will have 

Too"" ' 

that is, xp.lOl — U00] = 1. 

Now, from the tables Z.100 = 2, and ?. 101 = 2,0043214; 
hence, ?.101 — ?.100 = 0,0043214 ; therefore, 

_ 1 _ 1,0000000 
^ """ 0,0043214 "" 0,0043214 ' 
and finally the approximate value of 

a; = 231. 

But suppose that instead of =^, the given fraction is /= jjr^ ; 

then, from the equation 

we have x p.lOO — ?.101] == 1. 
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Now ?.100 — 1101 = 2 — 2,0043214 

= _ 1 + 3 _ 2,0043214 ) 

== _ 1 + 0,9956786 > 

= 1,9956786 j 

hence^ for the value of x, 

1 



05= ' — 



0,0043214 
= — 231 nearly. 
1 



T J, X /101V« /lOlV 

^^ ^*' (loo) = (loo) 



101 



(101 )-«_/100\-* 
100/ —Vioi/ • 



(iUi\ 
rrr^j =10, we have a = 231 5 the exponent; 

therefore; to be given to the fraction j-rr-p when made equal 

to 10, is the same number 231, but taken with a negative sign. 
For other examples the student may combine at pleasure 
several numbers, and make them equal to unknown quantities, 
and then resolve the equations by means of the logarithms. 
For instance, let a, h, c, d, e represent given numbers; we 
may form with them the following equations : 
a.h 



(1-) 


— - — ex, 
c,a 


(2.) 


a,h,c — d.e^. 


(3.) 


a^,c,a 

e 


(4.) 


1 e.e 
a.b.d X 



(5.) a^.c'' = af} 
and so on ; and applying the logarithms to them^ we will find 

(1.) l.x = ta -}- ^'b — l.c — l,d — l.e, 

18 
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,- . La + l.h 4- l.c — l,d 
(2.) x= j-^ 

(3.) Lx = hLa -f- Lc -j- l-d -|- I.e. 
(4.) ?.x = La + ^'^ + ^'C 4" ^-^ + ^'^^ 

(5.) «.x= = . 

With the exception of the second of these examples, in all the 
others we have not the value of x, but the value of the loga- 
rithm of X ; now the corresponding number of any logarithm 
is given by the tables ; hence, with the Lx, we may have x 
also. 

It is plain, moreover, that any example like the preceding 
is the general formula of as many as the pupil will like, by 
substituting numbers for the symbols a, (, c, &c., and chang- 
ing them at pleasure. 



CHAPTER IV. 

SERIES. 



wiutt aige- § ^^* Arithmetical progressions are the 
l^^d^ir ™^ simple of all algebraical series, and are 
Tarioua orders, ^j^lled scries pf the first order. 

The series of the second order are those whose second 
differences are equal, and the series of the third order are 
those whose third differences are equal, &c. That is, let 

tt • V y V J ft J V ... 

represent the numbers or terms of an algebraical series. If 
the differences 

between the successive numbers are all equal, the same num- 
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ber or terms belong to an algebraical series of the first order. . 
But suppose the differences between the successive given 
terms to be unequal, so as to have 

If the second differences, or the differences between the terms 
t', t", t"' . . . . are equal, that is, if we have 

the given terms ^, ^', ^" . . . then belong to an algebraic series 
of the second order. That is, the second differences also are 
unequal, and we have 

but the third differences, or differences between the terms 
^, (f\ ^". . . . are equal : the given terms <', <", <"'.... belong 
in this case to a series of the third order. It is now easy to 
see when a series will be of the fourth, of the fifth, and gene- 
rally of the m^ order. 

It is likewise easy to infer from the foregoing remarks that 
the second, the third differences, and so on, of any algebraical 
series of the first order are all equal to zero, and the third, 
and following differences of any algebraical series of the second 
order are also equal to zero, and generally, the (m — 1)*** and 
following differences of any algebraical series of the m*** order 
are equal to zero. 

varionR qnefl- The most commou Investigations concerning 
ing the series, thcsc algebraical series are about the general 
term, and the sum of any number n of their first terms ; but 
the principal object in view is that of reducing other functions 
to the form of a series. 

This doctrine is copiously treated by modem writers, and 

with exquisite analysis in differential calculus. 

It is not our intention to enter here into long discussions on the 
subject, and it will be enough for us to give an idea of it, treating 
briefly the first and second questions aboye mentioned. 



208 TREATISE Oir ALQEBRA. 

• Oenerai term I ^^' ^^ ^^ oonmence with the general tonn. Tbe 
oranjMriM. polynomiaJ, 

(p) 93 A-{- Ajfi-f- A^*-{- . . . . + A.w"', 

in which the coefficients A, A,, A, ... A« are constant quantities, ie« 
presents the general term or the n^ term of any algebraic series of 
the m^ order. To have it demonstrated, it is enough to show thai 
the m^ di£ferences of the series corresponding to this term are all 
eqnal. 

Now to say that (p) represents the n^ term of a series is the same 
as to say that it represents the first, the second term, and so on, when 
fi is made equal to 1, to 2, &c., and the term immediately preceding 
the n^ will be obtained from (^), by changing in it n into n — 1. 
Now, call (pt) the term preceding the n% it will be 

(/..) = A+A.(«-l) + A,(n-l)«+... + A,(n-ir, 

and (p) — (pt) will be the first differeace of any two successiTe terms 
of the series. But this difference — we may call it {ptY — after reduc- 
tion will take the following form : 

B + B, n + B,n«+ . . . + B^_i n— '; 
hence, 

(Pt)\ or (p) — (p,) = B + B, ft + B,«« + . . . + B,^i «*-»: 

in which difference, if we make n equal to 2, or 3, or 4, and so on, we 
will hare the difference between the second and the third terms, be- 
tween the third and the second, between the fourth and the third, and 
so on; we will haye, also, the terms of another series, because (piY 
has the same form as (p). 

Repeating, therefore, on (ptY the same operation which we hare 
made on (p) — that is, changing n into n — 1, to haye the term imme- 
diately preceding (ptY, — ^we may call it (p^) — ^the difference will be 

(p;}\ or (Pty—ip^) = C -f. C. n + C,n*+ ,... + C»_, »•-*, 

representing any one of the second differences of the series having (p) 
for general term, as it represents any one of the first differences be* 
tween two successiye terms of the series haying for general term (/>i)'- 
It is now easy to see that the third differences of the series, corre- 
sponding to the general term (/»), are given by 

(Pn)\ or (PtY — iPM) « D + J>,n + J>^n'+. . . . +D^ «— •, &c.; 

and the (wi — 1)*^ differences by 

(P^i)\ or (p^y — (p^t )tmQ+Q,n; 
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and, finally, the m**» differences by 

{f-)\ or {p^^ )i — (;?^) = Q, ; 

fchat is, any of the rr^ differences of the series, whose general term is(/>), 
is given by Q ; that is, invariably by the same quantity ; for whatever 
be n, Qx depends always equally on the constant coeflScients A, A|, 
A,, .... of ( jp) only ; hence it is constant, like them. The w*^ differ- 
ences, therefore, of the series corresponding to the term (/>), are all 
equal ; hence the same ( je?) is the general term of any series of the 
order wi. 

Nay, not only (/?), but any expression reducible to the form of (/>), 
represents likewise the general term of algebraic series of any order. 
Now, the following formula, 

f, = fl, + a, [n»— (« — !)«] + a, [,,3 — (n — 1)3] + . . . -I 

. . . . + ««M.i[n"^*- (n — 1)-^^] i ^""^^ 

is reducible to the form of (/») ; hence (o) also represents the general 
term of any algebraic series. 

Bum of any \ 131. From the same (o) we have the first, the second, 
terms. the third term, and so on, of the series, by making in 

succession n=sl,n=:2, ns=3, &c., and these terms will be repre- 
sented by the first member of (o), as follows : 

Now, we say that the sum ^t 4" ^« ~h • • • • 4~ C o^ these n terms, is 
given by 

*„ =s fl» 71+ flj n*4- fl, «3+ + a^i n"^^ } (o,). 

To demonstrate it, it is enough to show that (Oi) is equal to the first 
term t^ of the series when n is made equal to 1, and equal to ^i4~ ^ 
when n is made equal to 2 ; equal to ^^ + /, + (s ^^^"^ ^ ^ made equal 
to 3, &c. Now that (Oj) is equal to t^ when n is made equal to 1, is 
evident by observing that (o) is equal to (oi), when in both of them we 
make n =s 1 , Before showing that (o,) is equal to ^, + /„ when n is 
made equal to 2, &c., observe that if in (oj) we change n into n — 1, 
we will have 

«^i = a, (n — l) + <r,(n — )2+ fl, (n — 1)3H + fl*fi (»~1)*+' ; 

hence, 

««-»«-i = «.+ (r,[n«(n — 1)»] + ff,[n3-(n — 1)3]+ . . . 

+ «,M-t[«'^'— (« — 1)'*+']; 

but this last member is the general term (o) of the series; hence 

18* 
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and conseqaently if in (ot) we make n ^ 2, we will haye 

bat i^xmtii henoe «. ss /^ -|- i^ 

If in (0|) we make n &■ 8, then from the same (0,) we haye 

but #» ss ^t -|- /« ; hence 

And if in (Oj) we make n sss 4, we will evidently haye 

and generally, t^ or 

that is, (o,) is the expression of the sum of n terms of any series of the 
m^ order. 

Let us now pass to see how, by means of the formulas (o) and (Ot), 
we may find the general term and the snm of some ^yen series. 

Examples. I ^^^* ^^ ^' ^» ^^* ^^* ^^ ^® ^® ^^^ terms of a ^yen 
''"^ series, in which the second differences are all eqnal to 1 ; 

hence, in the general term of this series, m mnst be eqnal to 2 ; that 
Is, the formula (o) will be, in this case, 

t. » «. + «.[«•- (n~l)«] + fl,[«»- (n-l)3]. 

To find out the coefficients ««, a^ a„ make in succession n ss 1, niB 2, 
n BB 8 ; and since, with these substitutions, the general term ought to 
represent the first three terms of the giyen series, we will haye the 
equations, a* + <^ + <>» » 8, 

ai+Sa^+7at is 6, 

tfx+6a.+ 19a,ssl0, 

from which a, sbb t, a^ as 1, n^ sss .^. 

Hence, the general term of the glyen series is 

^•«j + 2n-.l+i(8n«-8n+i;, 

(n + l)(n + 2) . 
« 2 ' 

and the sum of n terms, 

11 . o . 1 • 

«• «= -g-w + «' + j«'. 
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g^^^ Let also, 1, 6, 14, 30, 56, 91 . . . 

be the first terms of another series whose third differences 
are all equal to 2. Making, therefore, m (jo) m =s 8, we will hare for 
the general term of this given series 

^ = a,+ aj:n8-(n-l)2] + a»[ti»-(n-l)»] + a.[n^-(n-l)4], 

from which, making in succession n ss 1, n =s 2, n s= 8, n a=s 4, we 
will haye the equations, 

• flj 4* ^^2 + 7«s + 15fl4 ^ 6, 
flj + ^^« + 1^« + ^^* = ^^> 
«t + 7«f« + 87a, + 176^4 s 80 ; 

and from these the following values of the coefGlcients: 

1 5 1 1 

and substituting these values in the general term, we have 

and for the sum of the first n terms of the same given series, we will 

'-=6'*+i2'*+8'*'+i2'*'- 

Oth«r ex- Some of \he coefficients a^^ a, . . of (o), and the first 
amples. f^jjn a, also, may be equal to zero, or may be such that 
some terms of (o) evolved be mutually eliminated. In this supposi- 
tion the general term may apparently have a different form from that 
of (/>). So, for example, we may have ^ 

Suppose now that such general terms are given, we may obtain the 
sums also ; for substituting successively the natural numbers 1, 2, 
8 . . . instead of n, from ^« =s n*, we have the series 

1, 4, 9, 16, 25 ... , 

and from t^ s n^, 1, 8, 27, 64, 125 .... , 

the first of which has the second differences, and the last the third 
differences constant; hence, with the same process followed in the 
preceding examples, we will find for the first 

111 
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and for the second, 

^111 

and, therefore, the sum of n tenns of the series haTing ^^^ as n^ for 
its general term, is ^ . 1 > . ^ « 

and the sum of n terms of the series haying t^sssffi for its general 

*• «« 4** + 2 "^ 4 
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PROBLEMS. 

let. Two merchants, A and 6, possess a capital of 38700 pounds, 
bnt the capital of A is twice that of B ; how much does each one of 
them possess ? Ans. A . . . . 25800, B . . . .12900. 

2d. Philip makes a present to his children, M and N, of 2500 dollars, 
bat M gets as many times 20 dollars as N gets 5. What is the share 
of each ? Ans. M .... 2000, N .... 500. 

8d. Diidde the number 237 in two such parts, that the first be 
greater than the second by one quarter of the second. 

Ans. 1st. 131 + g, 2d. 105 + ^. 

4th. Two friends wish to buy a horse, but the first cannot pay but 
one-fifth of the price, and the second one-seyenth only ; to have the 
horse they should add £20. What is the price of the horse ? 

Ans. X = 30 + ~ 

5th. A merchant after his speculations finds that he has gained 15 
per cent, on his capital, and the amount of his actual fortune is 
£15571. What was the original capital ? Ans. x ss 13540. 

6th. A man sells a certain amount of goods in three successiye 
days. The first day he loses one-sixth of the yalue of the articles he 
is going to sell during the three days ; the second day he loses one- 
tenth of the same yalue; but the last day he gains one-third of the 
price. At the end he finds that he has gained no more than three 
dollars. What is the price of the articles sold in the three days ? 

Ans. X r=s 45. 

7th. Twice the number of years of my age, diminished by the fourth 
of the same number, gives twelve years more than those of my age 
What is my age ? Ans. a; = 16. 

8th. A father sends to his five children 1000 dollars, with the con- 
dition that the eldest should have 20 dollars more than the second, 
and the second 20 dollars more than the third, and so likewise the 
rest. How many shall the first of the children have ? 

Ans. X =s 240. 
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9t]i. I had 42 shillings, and I paid a part of them. If you divif'e 
the remainder bj the number of those which I hare paid, you will hare 

12. How many did I pay. An8. i=8 + -i. 

13 
lOth. Two traTcUers go from the same place to another. But the 
first, who traTols 12 miles per day, leaves the place ten days before the 
second. The second traycls ^7 miles per day. After how many days 
shall the second reach the first ? Ans. z ss 8. 

11th. A mortar throws on a fortress 86 shells, before a second 
mortar begins to throw its own. The second mortar throws 7 shells 
in the same time in which the first throws 8. But the quantity of 
gunpowder consumed in three explosions by the second, is the same as 
that consumed by the first in four explosions. How many bombs 
must the second mortar throw on the fortress to consume the same 
quantity of gunpowder as'the first? Ans. z = 189. 

12th. A friend of mine 40 years old, has a son 10 years old. How 
many years shall pass before the age of the father be double that of 
the son ? Ans x =s 20. 

13th. Give me the expression of two numbers whose sum is a, and 

the sum of the product of the first by m, and of the second by n is b. 

b — an ma — b 

Ans. , . 

m — n m — « 

14th. A general wishes to range his regiment in a square battalion ; 
ho tries two ways, in the first of which there remain 80 men, besides 
the full square ; in the second, which consists in adding a man to each 
rank; he finds that there are 50 men wanting to finish the square. 
How many men does the regiment contain ? Ans. z as 1975. 

15th. Find such a number, that adding to it in succession a and 5, 

and squaring the sums, the difference of these sums be d, 

rf+j^ — a* 

Ans. Z as — ■ -. 

2(a— 6) 

16th. Find two numbers, whose sum is 87, and their difference 13. 

Ans. z as 50, y ss 87. 

17th. The first of three friends A, B, C gives to B and C so many 
of his own dollars as to redouble their original number. B then re- 
doubles in like manner the money of A and C, and finally C redoubles 
in his turn the money of A and B. After this, they find that each 
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one of thorn has 16 doUare. What was the original number z of A, 
and the original numbers y and z of B and ? 

Ans. z SB 26, y =s 14, z ss 8. 

18th. I have two boxes with money in them. If I add 8 pieces to 
those in the first box, the pieces contained in the first will be exactly 
one-half of those contained in the second. But if, instead of adding 
the 8 pieces to those of the first box, I put them in the second, the 
pieces of the second will be three times those of the first. How many 
pieces does each box contain ? Ans. z =a 24, y = 64. 

19th. The money of A and that of B make £570. If the first 
would have three times, and the second five times more money, the 
money of both would amount to £2350. How many are the pounds 
of A ? how many those of B ? Ans. x = 250, y = 320. 

20th. Two baskets contain some dozen of apples. If those of the 
first basket are sold at 5 cents a dozen, and those of the second at ten 
cents, all will be sold for two dollars. But if the apples of the first 
basket be sold at ten cents, and those of the second at five cents a 
dozen, they will be sold for two dollars and 50 cents. How many 
dozen of apples are in the first ? how many in the second basket ? 

Ans. z = 20, y sst 10. 

21st. Some students go on an excursion. , K they were five more 
and each would pay 1 dollar more, the expense would be 61} dollars 
more^ but if they were three less, and each would pay 1} dollars less, 
the expense would be 42 dollars less. How many are the students, 
and what is their fare ? Ans. St. z 3= 14, F. ^ =s 8}. 

22d. Find two numbers whose sum is m times, and whose product 

n times as great as their difference. 

2« 2n 

Ans. X = -- — -, y s=s 



23d. The sum of two numbers is a, and the difference of their squares 
is h. What are these numbers ? . a^ 4- 6 a^ — h 

24th. Add z to 94, and then subtract the same x from 94. The 
prodjict of the sum by the difference, gives 8512. What is the value 
of X? Ans. x=z 18. 

25th. If the third part of a number be multiplied by the fourth 
part of the same number, and this product be added to that of the 
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mamber mnltiplMd bj 6, we wall baye » reenlt bo mnoh abore 200 
as tbe aame number ia below 280. Wbat is the niimber ? 

Ans. zss48. 

26th. One of two brothers is 20 years older than the other, and if 
the age of the first be multiplied by that of the second, the product 
will be 2500 years more than the sum of the years of each of the two 
brothers. How old is the younger ? Ans. x ss 42. 

27th. Two boys sell 100 melons. The first sells his part at a price 
different from that at which the second sells his. And yet they obtain 
the same price. Bat if the first should haye the melons of the second, 
and vice versd, the first selling them at his own price would gain 15 
dollars, and the second 6f dollars. How many melons has the first 
boy? Ans. z =ss 40. 

28th. Find two numbers whose product is 750, and whose quotient 
IS S}. Ans. z BB 15, ysss 50. 

29th. I^d the expression of two numbers whose product is a, and 
whose quotient is 6. 

Ans. «sas^/r, yasv^aJ". 



80th. Hud two such numbers that the sum of their squares be 18001, 
and the difference of the same squares be 1449. 

Ans. X as 85, y SB 76. 
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